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Abstract. We consider a set K — UnsN finite structures such that all members 

of K„ have the same universe, the cardinality of which approaches oo as n — >■ oo. Each 
structure in K may have a nontrivial underlying pregeometry and on each K„ we con- 
sider a probability measure, either the uniform measure, or what we call the dimension 
conditional measure. The main questions are: What conditions imply that for every 
extension axiom ip, compatible with the defining properties of K, the probability that 
ip is true in a member of K„ approaches 1 as n — !> cxd? And what conditions imply 
that this is not the case, possibly in the strong sense that the mentioned probability 
approaches for some ip? 

If each K„ is the set of structures with universe {1, . . . ,n}, in a fixed relational 
language, in which certain "forbidden" structures cannot be weakly embedded and K 
has the disjoint amalgamation property, then there is a condition (concerning the set 
of forbidden structures) which, if we consider the uniform measure, gives a dichotomy; 
i.e. the condition holds if and only if the answer to the first question is 'yes'. In 
general, we do not obtain a dichotomy, but we do obtain a condition guaranteeing 
that the answer is 'yes' for the first question, as well as a condition guaranteeing 
that the answer is 'no'; and we give examples showing that in the gap between these 
conditions the answer may be either 'yes' or 'no'. This analysis is made for both the 
uniform measure and for the dimension conditional measure. The later measure has 
closer relation to random generation of structures and is more "generous" with respect 
to satisfiability of extension axioms. 

Random Z-coloured structures fall naturally into the framework discussed so far, 
but random Z-coloura6/e structures need further considerations. It is not the case 
that every extension axiom compatible with the class of /-colourable structures almost 
surely holds in an /-colourable structure. But a more restricted set of extension axioms 
turns out to hold almost surely, which allows us to prove a zero-one law for random 
/-colourable structures, using a probability measure which is derived from the dimen- 
sion conditional measure, and, after further combinatorial considerations, also for the 
uniform probability measure. 

Keywords: Model theory, finite structure, asymptotic probability, extension axiom, 
zero-one law, colouring. 
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1. Introduction 

Extension axioms have been used as a technical tool for proving zero-one laws [15, 18, 
23, 19, 27], but they also have other implications which will be explained below. Ex- 
tension axioms, by their definition, express possibilities of extending a structure that 
are compatible (or "consistent") with the definition of a given class of structures under 
consideration. So given a structure Ai from this class, the set of extension axioms which 
are satisfied in M. tells which possibilities of extending substructures of A^, in ways 
compatible with the context, are actually realized in the particular structure M. Thus, 
extension axioms have a combinatorial interest of their own. 

If we consider the class of all finite L-structures, where L is a language with finite 
relational vocabulary, then it follows from the proof of the zero-one law (as presented 
in [15, 18, 23]) that, for every extension axiom, almost all sufficiently large finite L- 
structures satisfy it. Hence the interesting case to study is the case when there are 
some restrictions on the structures under consideration. For example, we could restrict 
ourselves to the class of finite structures in which some particular structure cannot be 
(weakly) embedded; for instance, the class of triangle-free graphs. Specific classes of 
this kind have been studied extensively. An overview with emphasis on graphs and 
partial orders is found in [34]; see also [27, 32] and recent results [3, 4, 5]. An overview 
with focus on zero-one laws is found in [35]; it takes up, among other things, the number 
theoretic approach to zero-one laws which was first developed by K. Compton, and which 
is the subject of a book by S. Burris [9]. However, none of the previously published 
research focuses specifically on searching for "dividing lines" for asymptotic probabilities 
of extension properties in a general model theoretic setting. That is the purpose of 
this article, as well as deriving consequences such as zero-one laws and, finally, studying 
random Z-colourable structures. 

The general framework of this article is the following. For some language L, K = 
U^gjs^ K„ is a set of finite L-structures such that all members of K„ have the same uni- 
verse; often an initial segment of {1, 2, 3, . . .}. In addition, each G K may have a 
nontrivial closure operator which makes it into a pregeometry; in this case, the closure 
operator is uniformly definable on all members of K in the sense described in Defini- 
tion 7.1. An important special case is when the closure (and pregeometry) is trivial, by 
which we mean that every subset of any structure from K is closed. If P is a property, 
then the expression that 'a member o/K almost surely has property P' is shorthand for 
saying that, with respect to some probability measure /in on K„, the probability that 
A4 € K„ has P approaches 1 as n ^ oo. If Hn{M) = 1/|K„| for all n and all M. G K„ 
(the uniform probability measure), then we may instead say that ^almost all A4 G K. 
have P\ By a zero-one law for K we mean that for every L-sentence (p, either it or its 
negation almost surely holds in K. 

Suppose that A C B C M £ K and that A and B are closed subsets of M. For a 
structure J\f, the B/A-extension axiom holds for Af if for every embedding t of A into A/" 
there is an embedding it of B into J\f which extends r. If the dimension of B is at most 
k + 1, then we call it a k-extension axiom of K. If the closure is trivial then dimension 
is the same as cardinality. 

If L has no constant symbols we allow the universe of A to be empty, and in this case 
the iB/v4-extension axiom expresses that there exists a copy of B in the ambient structure. 
Hence, if M satisfies all /c-extension axioms, then every H G K of dimension at most 
k + 1 can be embedded into Ai; in this case one may say that A4 is '{k + l)-universal 
for K'. By involving pebble games [25, 31] it follows that if L is relational and G K 
satisfies all /c-extension axioms of K, then A4 has the following 'homogeneity property, 
up to /c- variable expressibility': Whenever a, a' are tuples of elements and there is an 
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isomorphism from the closure of a to the closure of a' which sends to a^, then a and 
d' satisfy exactly the same formulas in which at most k distinct variables occur. 

If the class K* of all structures which can be embedded into some member of K has 
(up to taking isomorphic copies) the joint embedding property and the amalgamation 
property, then a structure M exists which satisfies all fc-extension axioms of K for every 

G N; because we can let M. be the so-called Prai'sse limit of K* . However, if K contains 
arbitrarily large (finite) structures, then the Frai'sse limit of K* is infinite. The question 
whether, for every k there exists a finite 7V4 S K which satisfies every fc-extension 
axiom of K may be hard. For instance, the problem [11] whether there is a finite triangle- 
free graph which satisfies every 4-extension axiom is still open. By using the fact that the 
proportion of triangle- free graphs with vertices 1, . . . ,n which are bipartite approaches 1 
as n approaches infinity [17, 27], it is straightforward to derive that the proportion of all 
triangle-free graphs with vertices 1, . . . , n which satisfy all 3-extension axioms approaches 
as n approaches infinity. The main results in Sections 3-7 are concerned with the 
question of when, for some k and large enough n, it is usual (or unusual), in senses to 
be made precise, that structures in K„ satisfy all A;-extension axioms. 

For the moment, assume that, for each n, fXn is a probability measure on K„. Let 
Th^(K) be the set of sentences (p such that the /i„-probability that if is true in a member 
of K-n approaches 1 as n approaches infinity. Also assume that K*, as defined above, sat- 
isfies the joint embedding and amalgamation properties and let Thw(K) be the complete 
theory of the Frai'sse limit of K*. If, moreover, the closure is trivial on all members of 
K, it is straightforward to sec that T/i^(K) = Thp{K.) if and only if T/i^(K) contains all 
extension axioms of K. (We can get rid of the assumption that the closure is trivial if we 
assume that it is "well-behaved", as in Section 7; and then we argue like in Section 8.2.) 

The rest of the introduction is devoted to explaining, roughly, the results of this article. 
We try to appeal to the reader's intuition rather than giving the full definitions of notions 
involved; but sometimes references to these definitions are given. 

We start, in Sections 3 - 5 , by considering K such that all G K have trivial closure, 
so dimension is the same as cardinality. Also, until Section 6 we consider only the uniform 
measure. The first result. Theorem 3.4, gives a dichotomy for the special case when, for a 
fixed language L, with finite relational vocabulary, and set F of "forbidden" L-structures, 
K.„ is defined to be the set of all L-structures A4 with universe {1, . . . , n} such that no 

G F can be weakly embedded into ^4 (see Section 2.1). If every G F is "simple" in 
a sense which is made precise in Theorem 3.4, then for every extension axiom of K, 
the proportion of 7W G K„ which satisfy ip approaches 1 as n approaches infinity; and 
K has a zero-one law. On the other hand, if there is at least one "non-simple" J-" G F, 
then for some < c < 1 and 2|F|-extension axiom (p, the proportion of Al G K„ in 
which (p is true never exceeds c; if the language has no unary relation symbols, then this 
proportion approaches as n approaches infinity. It may nevertheless be the case that 
K has a zero-one law, as in the example of triangle- free graphs [27]. 

Theorem 3.4, just described, is proved by using the more general Theorems 3.15 
and 3.17. In Theorems 3.15 and 3.17 we have no assumptions about how K is de- 
fined. We will call a structure A permitted if it can be embedded into some structure in 
K. For the sake of simplifying this introductory description of the results, let's assume 
that every permitted structure is isomorphic to some structure in K; in other words, we 
assume that K is, up to taking isomorphic copies, closed under substructures (the 'hered- 
itary property'). The key concept will be that of substitutions of permitted structures in 
a permitted (super) structure that is, the act of replacing, in ^A, the interpretations 
(of relation symbols) on the universe of .4 C by the interpretations in another per- 
mitted structure A' with the same universe as A. If whenever A, A' , Ai are permitted, 
A C. M and A and A' have the same universe, the result of "replacing A by A' in Ai", 
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denoted 7W[yll> A'], is a permitted structure, then, for every extension axiom of K, the 
proportion of structures in K„ in which it is true approaches 1 as n approaches infinity. 
This statement is a consequence of Theorem 3.15 which, essentially, is a reformulation, 
with the terminology used here, of known results - although this may not be obvious at 
first sight. 

If, however, there exist permitted A, A', M. such that 7V1[.4[>.4'] is not permitted - we 
say "forbidden" - but the reverse substitution, that is, the replacement of A' by A, never 
produces a forbidden structure from a permitted one, then one of the following holds: 
(a) K fails to satisfy the disjoint amalgamation property, or (b) there is an extension 
axiom of K and < c < 1 such that the proportion of G K„ which satisfy (p never 
exceeds c; and if there are no unary relation symbols, then this proportion approaches 
0. Consider the example when K is the set of triangle- free graphs and A and A' are 
graphs with vertex set where i and j are adjacent in A' but not in A. Then we can 
find M. such that A^[^ > A'] is forbidden, but since the removal of an edge from a 
triangle-free graph never produces a triangle and the class of triangle-free graphs has the 
disjoint amalgamation property we are in case (b). The statement before this example 
is a consequence of Theorem 3.17 and its corollary. Prom these results we also get 
information, in case (a), about an instance of disjoint amalgamation which fails, and in 
case (b), about the extension axiom ip. Theorem 3.17 is proved by a counting argument. 
One proves, under the assumption that K has the disjoint amalgamation property, that 
for a properly chosen extension axiom f it is the case that for every M G K„ which 
satisfies ip, there are sufficiently many TV G K„ which do not satisfy (p. 

There is a third possibility, other than those considered in the previous two paragraphs. 
It is possible that there are permitted A and A' with the same universe such that the 
substitution of A' for A in some permitted (super)structure Ai may produce a forbidden 
(not permitted) structure, but whenever this happens then the reverse substitution of 
A for A' in some permitted Af, say, may also produce a forbidden structure. In this 
case it is possible that for every extension axiom p oi K., the proportion of structures 
in Kji in which p is true approaches 1 as n approaches infinity. But it is also possible 
that for some extension axiom 99 of K, the proportion of structures in K in which p is 
true approaches as n approaches infinity. Section 4 gives examples showing this. The 
same section also gives examples for which Theorem 3.17 applies. These examples show 
how the rather technical Theorem 3.17 and its (less technical) corollary can be used. 
Some examples in Section 4 also serve the purpose of illustrating differences between the 
uniform probability measure and conditional probability measures, which are introduced 
in Section 6; these examples will be re-examined in Section 6. Section 5 is devoted to 
the proof of Theorem 3.17. 

In Section 6 conditional probability measures (on K„) are introduced, motivated and 
illustrated with examples (that we have already met in Section 4). One reason for 
introducing these are that the conditions which, according to Theorem 3.15, guaran- 
tee that for every extension axiom of K = IJ^^^jK^, the proportion of structures in 
K„ which satisfy it approaches 1 as n approaches infinity, are rather restrictive. The 
conditional measures that we consider - or the dimension conditional measures, to be 
precise - are more permissive with respect to satisfiability of extension axioms. This 
is made precise by Lemma 7.29 and Example 4.3, for instance. Another motivation for 
considering conditional measures is that they are more closely related to random gen- 
eration of finite structures. While the uniform measure is conceptually simple it may, 
for some K = IJ^^j^ K„, be unclear what type of random generation procedure will, for 
any M. G K„, generate Ai with probability exactly 1/|K„|. Often, as in the case of 
Z-coloured, or Z-colourable, structures (graphs, for example), the most obvious genera- 
tion procedure - first randomly assign colours, then randomly assign relationships (e.g. 



ASYMPTOTIC PROBABILITIES OF EXTENSION PROPERTIES 



5 



edges) so that the colouring is respected - corresponds to conditional measures, in the 
sense of this article. A third reason for considering conditional measures is simply that 
they may, in some situations, offer a simpler analysis of asymptotic problems than does 
the uniform measure, while they are still natural in the sense of being related to random 
generation of finite structures. Finally we note that in some cases, as that of random 
Z-colourable structures, the conditional measure considered here coincides with the uni- 
form probability measure on properties which are first-order definable. This follows from 
the proofs of the main theorems in Sections 9 and 10 

In Section 7 we start working in a context where the structures that we consider have 
underlying (possibly nontrivial) pregeometries, and 'dimension' takes over the role of 
'cardinality'. By a pregeometry on a structure A4 we mean a closure operator cIm which 
operates on subsets of the universe of A4 and satisfies certain conditions [2, 23]; moreover 
we require that cIm is uniformly definable in all structures considered (Definition 7.1 and 
Assumption 7.10). The context considered previously is a special case of the framework 
of Section 7. The main results of this section, Theorems 7.31, 7.32 and 7.34, apply 
to the dimension conditional measure, which is a conditional measure that "considers" 
closed sets of dimension first, then closed subsets of dimension 1, then of dimension 
2, and so on. These theorems arc related to Theorems 3.15 and 3.17. Theorems 7.31 
and 7.32 represent the "positive" side of things, like Theorem 3.15, showing that if certain 
conditions are satisfied, then for every extension axiom of K the probability (with the 
dimension conditional measure) that it holds in a member of K„ approaches 1 as n 
approaches infinity; and from this a zero-one law is derived. The conditions in question 
require, as in Section 3, that whenever Ai is permitted, then certain "substitutions", or 
"replacements", of interpretations can be made in M without producing a forbidden (not 
permitted) structure. Also, there is a requirement that the underlying pregeometry, and 
possibly some other structure which is never changed, is polynomially k-saturated. This 
roughly means that for every G N and all sufficiently large n and every M G K„, the 
reduct of A4 to the sublanguage which defines the pregeometry satisfies every fc-extension 
axiom (with respect to the set of such reducts); and moreover, the truth of a fc-extension 
axiom has many different witnesses compared to the size of the universe. 

The last result of Section 7, Theorem 7.34, is a "cousin" of Theorem 3.17 and its 
corollary, and tells that if there are permitted A and A' such that K accepts (Defini- 
tion 7.20) the substitution [^i>yl'] but not the reverse subsitution [yl'i>yl], then either 
K fails to have the independent amalgamation property, or for some extension axioms (p 
and ■0) the probability, with the dimension conditional measure, that if A ip holds in a 
member of K„ approaches as n approaches infinity. The analogue of Theorem 3.4 in 
the setting of underlying pregeometries and the dimension conditional measure is given 
by the corollary in Example 7.36. The proofs of Theorems 7.31, 7.32 and 7.34 appear in 
Section 8. 

Section 8 gives the proofs of the main theorems of Section 7. The definitions appearing 
in Sections 5 and 8 are only used within those sections. 

Sections 9 and 10 study asymptotic properties of random l-colourable, as well as 
strongly /-colourable, structures in a fixed (but arbitrary) relational language in which the 
arity of each symbol is at least 2. Examples 7.22 and 7.23 show that l-coloured structures 
can be treated within the context developed in Section 7. Theorem 7.32 implies that 
Z-coloured structures satisfy a zero-one law with respect to the dimension conditional 
measure. Since /-colourable structures can be viewed as reducts of /-coloiucd structures 
we will also consider a "reduct version" of the dimension conditional measure. With 
this probability measure it is not true that all extension axioms of Z-colourable struc- 
tures hold almost surely; but we can show that all extension axioms of a certain kind, 
called the I -colour compatible extension axioms, hold almost surely in sufficiently large 
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structures; and this is enough for subsequently deriving a zero-one law for /-colourable 
structures, when using the probability measure derived from the dimension conditional 
measure (Theorem 9.1). Wc also prove a result saying that if almost all /-colourable 
structures have an /-colouring with sufficiently even distribution of colours, then, with 
the uniform probability measure, every /-colour compatible extension axiom holds almost 
surely, almost every /-colourable structure has a unique /-colouring (up to permutation 
of the colours), and a zero-one law holds with the uniform probability measure as well 
(Theorem 9.16 and Proposition 9.20). 

In Section 10 we prove, by combinatorial arguments, that, indeed, almost all /- 
colourable structures have an /-colouring with sufficiently even distribution of colours 
(Theorem 10.5). Thereby we confirm that almost all /-colourable structures have a 
unique /-colouring and that, also with the uniform probability measure, a zero-one law 
holds for /-colourable structures (Theorems 10.3 and 10.4). 

All results of the article hold also if one restricts attention to structures in which 
certain relation symbols (of arity at least 2) are always interpreted as irreflexive and 
symmetric relations. All arguments, except those in Section 10, work out in the same 
way under this assumption. 

The results in Sections 9 and 10 may be useful in contexts which do not directly speak 
about colourings. Suppose that for some K = (J„£j^ K„ and probability measure on 
K„ there is / G N such that, for n large enough, M G K„ is almost surely /-colourable. If 
we know that every /-colourable structure (with universe an initial segment of {1, 2, . . .}) 
belongs to K and that the set of L-structurcs which are /-colourable has a zero-one 
law for the measures then also K has a zero-one law for the same measures. This 
approach was used in [27] when proving that if K„ is the set of (/ -|- l)-clique-free graphs 
(or /C/+i-free graphs) with universe {1, . . . , n}, then K has a zero-one law for the uniform 
probability measure. The authors of [27] first proved that almost all (/ -|- l)-clique-free 
graphs are /-colourable, with a relatively even distribution of colours, and then that the 
/-colourable graphs have a zero-one law. 

The notions of 'polynomial /c-saturation' and 'acceptance of substitutions' in Sec- 
tion 7 are versions, adapted to the context of this article, of the notions 'polynomial 
^-saturation' and 'A;- independence hypothesis' in [14]. This is sufficiently clear for poly- 
nomial /c-saturation, but it is perhaps harder to see the relationship between admittance 
of (/i;-)substitutions and the /c-independence hypothesis. However, in both cases the es- 
sential difference between Section 7 of this article and [14] is that in [14] complete types of 
an infinite structure are considered, while here we consider types with only quantifier-free 
formulas of tuples enumerating the universe of a closed substructure of some permitted 
structure. But in this article we avoid speaking about such types since it is equally 
convenient to speak about (sub) structures and formulas describing them up to isomor- 
phism. Lemmas 8.5 - 8.9, as well as their proofs, are adaptations to the context of this 
article of Lemmas 2.16 - 2.22 in [14]. The results of this article have their beginnings in 
considerations from two directions. On the one hand, trying to understand asymptotic 
satisfiability of extension axioms - conditions implying that they almost surely hold, 
and conditions implying that some almost surely fail - and on the other hand, trying 
to understand if some zero-one laws for finite structures were hidden in the probabilistic 
arguments used in [14]. 

Acknowledgements. I thank Svante Janson for helpful suggestions concerning Sec- 
tion 10, which shortened some proofs there. I also thank the anonymous referee for 
having read the article so carefully, for valuable suggestions and for pointing out some 
errors, now corrected. 
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2. Preliminaries 

2.1. Languages, structures and embeddings. For basic notions not explained here 
the reader is refered to [23, 15]. By a language L we mean the set of (first-order) 
formulas that can be built up from a vocabulary (also called signature) which is a set 

of relation, constant and/or function symbols. Wc consider the identity symbol ' — ' as 
a logical symbol which we may always use, together with connectives and (first-order) 
quantifiers, to build formulas; so '=' is never mentioned when we describe the symbols 
of a vocabulary. If the vocabulary has no constant or function symbols, then we call it 
relational. 

Structures will be denoted by "calligraphic", letters: A, B, Ai, M, .... Their 
universes will be denoted by the corresponding non-calligraphic letter A, B, M, N, 
. . ., or with bars around the letter; for instance, \M\ as well as M denote the universe of 
Jli. The cardinality of a set X is denoted by \X\; and the cardinality of the (universe of) 
the structure M is denoted by ||A^||, or by \M\. Boldface letters always denote classes, 
usually sets, of structures. Sequences, or tuples, of elements are denoted by a, 6, . . .; and 
\a\ denotes the length of the sequence a. By 'a € M' we mean that a is a sequence such 
that all of its elements belong to the set M. Sometimes we write a G M" to show that 
a has length n. By rng(a), the range (or image) of a, we denote the set of all elements 
that occur in a. In the last section we often use the abbreviation [n] = {1, . . . ,n} if n 
is a positive integer. For a € M, \_a\ denotes the largest integer m such that m < a. If 
f : A ^ B and a = (ai, . . . , a, ) G A^, then /(a) denotes the sequence (/(ai), . . . , f{ar)). 
If L has no constant symbols, then we allow an L-structure to have an empty universe. 

Suppose that Ai and J\f arc L-structures, where L is, as usual, a language. A function 
f : M ^ N is called a weak embedding of A4 (in) to A/" if / is injective and: 

(1) For every constant symbol c, f{c^) = ■ 

(2) For every function symbol g, of arity r, say, and every a G M'', /{g-'^^a)) = 

(3) for every relation symbol, R, of arity r, say, if o G R-^ then /(a) G R-'^ . 
We say that / is an embedding if / is injective and (1), (2) and the following hold: 

(3') for every relation symbol, R, of arity r, say, a G R'^ if and only if /(a) G R-'^. 

Thus, embeddings are injective and a bijective embedding is the same as an isomorphism. 
We say that A4 is ( weakly ) embeddable into M if there exists a (weak) embedding from 
M to N. We say that is a weak substructure of A/", denoted A^ AA, if M C A^ 
and the identity mapping : M — > A is a weak embedding. We call M a substructure 
of Ai. denoted Ai C J\f , if M C N and the identity mapping id : M ^ N is an 
embedding. ^ is a proper (weak) substructure of A^ if ^ is a (weak) substructure of Ai 
and Aj^Ai. The symbol 'C' means 'proper subset' or 'proper substructure'. 

If A4 is a structure and A C M, then Ai\A denotes the substructure of Ai which 
is generated by A (the smallest substructure A" of A^ such that A C N); so if the 
vocabulary is relational, then |A^fA| = A. If Lq is a language such that Lq C L and 
Ai is an L-structure, then A4\Lo denotes the reduct of A^ to Lq. Observe that if all 
constant and function symbols of L belong to the vocabulary of Lq, then the reduct 
Ai \Lq can also be viewed as an L-structure in which the interpretation of every relation 
symbol which belongs to the vocabulary of L but not to the vocabulary of Lq is empty. 
So provided that the smaller language Lq contains all constant and function symbols 
we have Ai\Lo Qyj Ai, from which it is apparent that the notion of weak substructure 
generalizes the notion of reduct, as well as the notion of substructure. 

Since we will several times speak about graphs, we note that, with graph theoretic 
terminology, if A4 and A' are graphs, then AI is a subgraph of A/" if and only if A4 is 
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a weak substructure of A/"; and M. is an induced subgraph of M if and only if is a 
substructure of M. 

Suppose that i? is a relation symbol from the vocabulary of the language of Ai . Then a 
tuple a of elements from M is called an R-relationship of M if a € R'^ (or cquivalcntly, 
if Al 1= R{a)). If the symbol '-R' is clear from the context, or if it does not matter which 
R we refer to, then we may just call an i?-relationship a relationship. Sometimes we 
consider only structures M in which certain relation symbols i?i , . . . , Rj. are interpreted 
as irreflexive and symmetric relations (see Remark 2.1). In this case an Ri-relationship 
of M (for z = 1, . . . , /c) is a set rng(a) such that a G (Ri)^. So for graphs in general, a 
relationship is the same as a directed edge; and if we consider only undirected graphs, a 
relationship is the same as an (undirected) edge. 

Remark 2.1. Suppose that R is an n-ary relation on a set A. Then R is called ir- 
reflexive if (ai, . . . , a„) G R implies that ^ aj if i / j. If (ai, . . . , a„) € R implies 
that (a7r(i), . . . , a7r(n)) £ for every permutation vr of {1, . . . , n}, then we say that R is 
symmetric. All results in this article hold also if we assume that the interpretations of 
certain relation symbols are always irreflexive and symmetric. The proofs in this case 
are either the same as, or obvious modifications of, the given proofs. 

2.2. Amalgamation. Let K be a class of finitely generated L-structures, where L has a 
countable vocabulary, and let K be the class consisting of all L-structures M. such that 
A4 is isomorphic to a member of K; so K is "closed under isomorphism". See [23] (Chapter 
7), for example, for definitions of the following notions: hereditary property, or being 
closed under substructures as we sometimes say here, amalgamation property and 
joint embedding property. We say that K has any of these properties if K has it. If 
the vocabulary of L has only relation symbols then the amalgamation property implies 
the joint embedding property; but in general the later property is not implied by the 
first. 

If K has all three properties, then the so-called Frai'sse limit Mk of K exists [23]. 
A^K has the following properties: is countable, every finitely generated A C A4k 

belongs to K; every ^ € K can be embedded into A^k, and if ^ C A4k is finitely 
generated and A C. B G K., then there is an embedding f : B ^ A^k such that f\A 
is the identity function [23]. The Frai'sse limit Mk of K, if it exists, is also called the 
Praisse limit of K. 

We will consider the following (stronger) variant of the amalgamation property: We 
say that K (and K) has the disjoint amalgamation property if whenever A,B,C G K, 
A C B, A <^ C said B n C = A, then there isV eK such that BCV,C QV. 

2.3. Pregeometries. The notion of (combinatorial) pregeometry, also called ma- 
troid, will play a role in sections 7 and 8. See [23] (Chapter 4.6), or [2] (Chapter II. 3), 
for a definition. We use the following terminology when (A, cl) is a pregeometry, with 
closure operator cl which maps every X C ^4 to some closed Y C. A. For X,Y,ZC. A, 
X is independent from Y over Z if for every a E X, a e cl{Y U Z) a G cl{Z). 
In the special case that Z = $ we say that X is independent from Y. Because of the 
'exchange property' of pregeometries, independence is symmetric with respect to X and 
Y. We say that a G ^ is independent from Y C A over Z C A if {a} is independent 
from Y over Z. A set X C ^ is called independent if for every a G X, a is independent 
from X — {a} (over 0). The dimension of X C ^4 is the supremum of the cardinalities 
of independent subsets of X. A set X C ^ is called closed if cl(X) = X. If cl(X) = X 
for every X C A then we call {A, cl) the trivial pregeometry on A. 

2.4. Zero-one laws. Suppose that, for n G N, K„ is a set of L-structures and that /x„ 
is a probability measure on K„. If //„(At) = l/l-^^n| for all M G K„, then we call Hn the 
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uniform probability measure on K„. We say that K = |J^gj^K„ has a zero-one law 
if for every L-sentence cp, lim„_>oo IJ,n{{M eKn : M \= if}) exists and is or 1. When 
saying "99 is almost surely true (or false)" we mean that the limit is 1 (or 0). If Hn is the 
uniform probability measure for all n we may instead say that "almost all € K satisfy 
(p" if the limit is 1. By the almost sure theory o/K (with respect to the measures /in), 
we mean the set of sentences (p such that the probability that is true in K„ approaches 
1 as n — >■ cx). 

3. Permitted structures and substitutions 

From this section and until Section 7 we work within the following framework: 

Assumptions and terminology 3.1. Fix a first-order language L with finite rela- 
tional vocabulary. Let (m^ : n G N) be a sequence of positive integers such that 
lim„_>oo iTT'Ti = 00. For every n G N let K„ be a set of L-structures with universe 
{!,..., mn}; and let K = |J„gpjK„. A structure A4 is called represented (with re- 
spect to K.) a it is isomorphic to a structure in K. A structure 7W is called permitted 
(with respect to K) if it is embeddable into a structure in K. A structure which is not 
permitted is called forbidden. Since we fix K for rest of the section we sometimes omit 
the phrase "with respect to K". 

Observe that if K has the hereditary property, then a structure is permitted if and only 
if it is represented. In this section and the next, all examples of K which are considered 
in some detail have the hereditary property. However, since the results do not depend 

on this we do not assume it. (One example of K which is not closed under substructures 
is given by letting K„ be the set of triangle-free graphs with universe {1, . . . ,n} and 
diameter 2.) 

Definition 3.2. Suppose that A and B are permitted structures and that .4 is a proper 
substructure of B. 

(i) The B / A-extension axiom (or the B-extension axiom over A) holds, by defini- 
tion, in A4 if the following is true: 

For every embedding r of ^ into Ai there exists an embedding tt of B into M 
which extends r (i.e. 7r(a) = r(a) whenever a G A). 
The H/.4-extension axiom can be expressed by a first-order sentence of the form 

Vxi, . . . , Xn^yi, ...,ym {'P{xi ,...,Xn) > 1p{xi , . . . ,Xn,yi, ■ ■ ■ , ym)) , 

where (p and ip are quantifier- free. If the language has no constant symbols, then we 
allow the possibility that the universe of A is empty, in which case the B / A-extension 
axiom is called the ;S/0-extension axiom. It is then expressed by an existential formula 

) Um ) ■ 

(ii) If \B\ < k + 1, then the S/^-extension axiom is called a k-extension axiom of K; 
or, if we do not care about k, just an extension axiom of K. If K is clear from the 
context we may omit saying "of K". 

Remark 3.3. // there are probability measures |U„ on for n G N, such that for 
every extension axiom ip of K, the Hn -probability that M G K„ satisfies (p approaches 
1 as n approaches 00, then K has a zero-one law for the measures jin- The usual proof 
of this statement does not depend on the measures It is proved in [18, 15, 23, 
35] (for example) by collecting into a theory Tk all extension axioms, together with 
sentences expressing the possible isomorphism types of substructures of members of 
K. The general idea of the argument is as follows. By the assumptions in the above 
statement and compactness, Tk is consistent. By a back-and-forth argument one then 
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proves that Tk is countably categorical and therefore complete. The completeness of Tk 
(and compactness) implies that K has a zero-one law. 

If we define K by forbidding certain weak substructures, and the thus obtained K has 
the disjoint amalgamation property, then we have the following "dichotomy". 

Theorem 3.4. Let F be a set of finite L-structures and, for every n G N, let K„ consist 
of exactly those L-structures A4 with universe {1, . . . ,n} such that no G F is weakly 
emheddahle into AA (so in particular, every member of F is forbidden). Assume that 
Kn / for all sufficiently large n and that K has the disjoint amalgamation property. 
Consider the following condition: 

(*) There are T £ F, a relation symbol R of arity r, say, and a £ such that 
rng(a) is a proper subset of F, a G , and if V is constructed by removing the 
R-relationship a, but making no other changes in T , then V is permitted. 
If (*) is false, then, for every A; G N, the proportion of Ai & K„ which satisfy all 
k-extension axioms o/ K approaches 1 as n ^ oo. // (*) is true, then letting T G 
F, R and a be any witnesses of property (*) and letting a be the number of permitted 
structures with universe {1, . . . , |rng(a)|}, the proportion of M £ K„ which satisfy all 
{2\F\ — |rng(a)| — l)-extension axioms of K. never exceeds 1 — 1/(1 + a). Moreover, 
if L has no unary relation symbols, then the proportion of M E K„ which satisfy all 
{2\F\ — |rng(a)[ — l)-extension axioms approaches as n oo. 

Theorem 3.4 is a consequence of Theorems 3.15 and 3.17. Since one may see it as 
an application of these theorems, we give the proof of Theorem 3.4 as Example 4.1 in 
Section 4. The argument in Example 4.1 gives some information about what happens if 
K does not have the disjoint amalgamation property. 

Remark 3.5. (i) Suppose, as in Theorem 3.4, that F is a set of finite L-structures and, 
for every G N, let K„ consist of exactly those L-structures M. with universe {1, . . . ,n} 
such that no J" G F is weakly embeddable into M. Here is a condition on F which implies 
that K has the disjoint amalgamation property. As in [22], let us call an L-structure 
Ai decomposable if there are different L-structures A and B such that M = Au B, 
A\Ar\ B = B\An B and for every relation symbol R, i?-^ = R'^UR^. Otherwise we 
call Ai indecomposable. It is now straightforward to show that if all structures in F 
arc indecomposable, then K has the disjoint amalgamation property. (This statement is 
analogous to Theorem 1.2 (i) in [22].) 

(ii) One may ask if the assumption that there are no unary relation symbols is necessary 
for the last statement of Theorem 3.4. The author does not have an example showing that 
this statement fails without the assumption that there are no unary relation symbols, 
if we assume, as in Theorem 3.4, that K has the disjoint amalgamation property. But 
Example 4.2 shows that when it is assumed that there are no unary relation symbols in 
Theorem 3.17, then this assumption is necessary. 

Two examples follow, one for which (*) in Theorem 3.4 does not hold, and one for which 
(*) holds. 

Example 3.6. Suppose that L has only one binary relation symbol R and that F = 
{A, B}, where A = {1}, R-^ = {(1, 1)}, B = {1, 2} and R^ = {(1, 2), (2, 1)}. If K„ and 
K are defined as in Theorem 3.4, then an L-structure is permitted if and only if it is an 
irreflexive and antisymmetric directed graph. Moreover, the property (*) fails for F. 

Example 3.7. (/C/-free graphs) It is not difficult to define F for which the property 
(*) holds, but let us mention an example which has been studied in some detail [27]. Let 
L have only one binary relation symbol R and consider only structures in which R is 
interpreted as an irreflexive and symmetric relation, that is, an undirected graph without 



ASYMPTOTIC PROBABILITIES OF EXTENSION PROPERTIES 



11 



loops. Let I > 3 and let ICi be the complete (undirected) graph with vertices 1,. . . ,1. 
If F = {JCi} then condition (*) holds, since the removal of one edge from ICi creates a 
permitted graph. It is easy to see that K has the disjoint amalgamation property. By 
Theorem 3.4, the proportion of € which satisfy all (21 — 3)-extension axioms of 
K approaches as n — > oo. For / = 3 at least, this conclusion is not new. Because the 
proportion of fCs-hee graphs {triangle-free graphs) which are bipartite approaches 1 as 
n — ^ oo [17, 27]; and a graph is bipartite if and only if it has no cycle of odd length; 
moreover, it is easy to see that a 5-cycle or 3-cycle exists in every JC^-iiee graph which 
satisfies all 3-extension axioms. 

Remark 3.8. Even if, for some extension axiom ip of K, the proportion of Ai € K„ 
which satisfy (p does not approach 1, K may nevertheless have a zero-one law with 
respect to the uniform probability measure. For example, it has been shown [27] that, 
for every i > 3, if F = {JCi} where K-i is the complete graph with I vertices, and K„ and 
K are defined as in Example 3.7, then K has a zero-one law for the uniform probability 
measure. 

Definition 3.9. Let M, A and B be structures and suppose that .4 is a proper sub- 
structure of B. 

(i) We say that the B / A-multiplicity of M is at least m (or that the B -multiplicity 
over A in M. is at least m) if the following holds: 

Whenever a is an embedding of A into 7W, then there are embeddings ai of 
B into Al , for i = 1 , . . . , m, such that each Ui extends u and ii i ^ j then 

ai{B)naj{B) = a{A). 

The B / A-multiplicity is m if it is at least m but not at least m + 1. 

(ii) We say that M. has (at least) n copies of A if there are (at least) n different 
substructures A'l,..., Al^ of M. such that each Ai^ is isomorphic to A. 

Remark 3.10. Observe the following relationships between extension axioms and mul- 
tiplicity, where we assume that A C B. 

(i) M satisfies the S/^-extension axiom if and only if the 0/^-multiplicity of Ai is at 
least 1. 

(ii) Suppose that there are a structure C and embeddings ai : B —?■ C and a2 '■ B ^ C 
such that (Ti\A = (T2\A and (Ti{B) (T2{B) = (Ti{A). If satisfies the C/.4-extension 
axiom then the multiplicity of ^A is at least 2. 

Definition 3.11. Suppose that the vocabulary of L does not contain any constant 
symbol. Let A, B and M. be L-structures such that A'^ M. and |^| = \B\. We define 
A^[^l>5] to be the structure obtained by "replacing Ahy B inside A^". or more precisely, 
Ai[^t>;B] is defined to be the structure with the same universe as M which satisfies the 
following conditions: For every n and every relation symbol R of arity n, 

(1) if (ai, . . . , an) e then (ai, . . . , a„) G RMAt>B] ^ ^^^^ . . . , a„) G R^, and 

(2) if (ai, . . . , a„) G - A", then (ai, . . . , a„) G rM^B] ^ (^^^ . . . , a„) G R^. 

The notation AJ > 5] may be read as M with A replaced by B, or At with B 
substituted for A. 

Definition 3.12. Let A and B be permitted structures (with respect to K) with the 
same universe. 

(i) We say that K admits the substitution [A > B] if for every represented M such 

that A Ai , M[A \> B] is a represented structure. 

(ii) We say that K weakly admits the substitution [A > B] if for every represented 
Ai such that A^ Ai, Ai[A>B] is a permitted structure. 

(iii) If |.4| = \B\ and \\A\\ < k, then we call [^oH] a k-substitution. 
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(iv) If K (weakly) admits every ^-substitution [v4i>iB] , where A and B are permitted struc- 
tures (with the same universe), then we say that K (weakly) admits k-substitutions. 

When speaking of a substitution [A > B] we always assume that A and B have the same 
universe. Note that if every permitted structure is represented, which is the case if K 
has the hereditary property, then K admits a substitution [.4>B] if and only if K weakly 
admits [^>;S]. 

Lemma 3.13. Suppose that A and B are permitted structures, with respect to K, with 
the same universe such that the substitution [A>B] is weakly admitted with respect to K. 
Then for every permitted M such that AQ Ai, M[A>B] is permitted with respect to K. 

Proof. Suppose that A, B, A4 satisfy the premises of the lemma and that [.4i>A^] is weakly 
admitted. Since M is permitted there is a represented structure such that M C J\f 
(recall that the class of represented structures is closed under isomorphism). Since the 
substitution [A > B] is weakly admitted, Af[A > B] is permitted, so there is a represented 
J\f' such that J\f[A>B] C J\f'. By assumption AQMQJ\f,so M[A>B] C J\f[A>B] C J\f', 
which means that Al[^t>;B] is permitted (because J\f' is represented). □ 

Remark 3.14. Suppose that p is the supremum of the arities of relation symbols in the 
vocabulary of L. 

(i) It is straighforward to see that if K admits p-substitutions, then K admits k- 
substitutions for every € N; because every ^-substitution can be achieved by per- 
forming, in sequence, finitely many p-substitutions. 

(ii) By using Lemma 3.13, it follows, much as in (i), that if K weakly admits p- 
substitutions, then K weakly admits ^-substitutions for every k. 

Remember that a structure A4 satisfies the H/.4-extension axiom if and only if the 
5/,4- multiplicity of Ai is at least 1. The next theorem is essentially a rephrasing, with 
the terminology of this article, of a result of which has been used to prove that every 
nontrivial parametric class of L-structures has a labeled zero-one law ([29], [15] Theorem 
4.2.3). A class C of finite L-structures is nontrivial and parametric, in the sense of 
[15, 29], if and only if C is the class of represented structures with respect to some 
K = UneN-^n which admits /c-substitutions for every k, and K„ is a nonempty set of 
L-structures with universe {1, . . . , n}. The result refered to in [15, 29] is a generalization 
of the well-known zero-one law for 'random structures' [18, 19], which in the present 
context amounts to considering the uniform probability measure on the set K„ of all 
L-structures with universe {1, . . . ,n} (assuming that the arity of at least one relation 
symbol, besides '=', is greater than 1). 

Theorem 3.15. [15, 18, 29] Let K = |J„gpjK„ where each K„ is a nonempty set of 
L-structures with ■iimi>erse {1, . . . ,mn} and lim„^oc m,„ = oo. Suppose that K admits 
k-substitutions and let p be any positive integer. Whenever A C B are permitted and 
\B\ < k, then the proportion of structures M. € K„ such that the B / A-multiplicity of M. 
is at least p approaches 1 as n approaches oo. 

(The proof of the zero-one law by Glebski et al. [19] does not use extension axioms, but 
a form of quantifier elimination, which is why their article is not cited in Theorem 3.15.) 
Since Theorem 3.15 is not quite the same as similar results refered to [15, 18, 29], we 
give a sketch of its proof. 

Proof sketch. For simplicity, consider the case when = ||^|| + 1 < k and p = 2. 
For every positive d € N, let denote the number of different permitted structures 
with universe {!,...,(/}. Let M. G K„. Since K admits /c-substitutions it follows 
that for every d < k, every permitted structure V with universe {!,... ,d}, all distinct 
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h, - ■ ■ ,id £ {!)••• and G K„, the probability that j >-)■ ij is an embedding 

of V into M is l/a^) with the uniform probabihty measure. Suppose that A' is a 
copy of A with universe A' = {ii, . . . C M = {1, . . . ,mn}, so d < k. For every 
j G {!,..., [m„/2j } — A' , the probabihty that A4 , . . . ,1^, j} is a copy of B is at least 
l/a^+i- Therefore the probability that there is no j G {1, . . . , [m„/2j} — A such that 
this holds is at most (l — 1/ad+i) There are at most ("^") copies of .4 in and 

therefore the probability that some copy A' Q A4 of A cannot be extended to a copy of 
B by adding an element from {!,..., [mn/2j} — A' is at most (™") (l — l/a^+i) ^"^"^"^^ 
which approaches as ra approaches oo (because we assume that lim„^oo mn = oo) . In 
the same way, the probability that some copy A' C M. oi A cannot be extended to a 
copy of B by adding an element from { [m„/2j + 1, . . . , m^} — A' approaches as n — >■ cx). 
It follows that the probability that the .4/B-multiplicity of G K„ is less than 2 ap- 
proaches as n — > oo. □ 

With Theorem 3.15 at hand it remains to study what happens, asymptotically, with 
extension axioms and multiplicities when there are permitted A and B (with the same 
universe) such that the substitution [A > B] is not admitted with respect to K. The 
assumption that, for some permitted A and B, the substitution [A > B] is not admitted 
is not enough, even if we assume that K has the hereditary property and disjoint amal- 
gamation property, to produce an extension axiom of K such that the proportion of 
structures in K„ satisfying ip does not approach 1 as — >■ oo. In this context it may, or 
may not, be the case that for every extension axiom, the proportion of structures in K„ 
in which it is true approaches 1. Examples 4.6 and 4.7 show this. 

But if K has the hereditary property and disjoint amalgamation property and there are 
permitted A and B with the same universe such that [.4l>iB] is admitted, and permitted 
Ai such that A^[S>^] is forbidden, then (by Corollary 3.18) the proportion of structures 
in K„ which satisfy all (2|M| — l)-extension axioms never exceeds some c < 1; and if 
there are no unary relation symbols, then this proportion approaches as n — >■ oo. If we 
do not assume that K has the hereditary and disjoint amalgamation properties, then wc 
can still obtain a related result (Theorem 3.17) if we add another assumption on A and 
B. In the case that K has the hereditary property and disjoint amalgamation property, 
Lemma 3.16, below, implies that we can find permitted A and B which satisfy this added 
assumption. 

Recall that if K has the hereditary property, then the notions 'permitted structure' and 
'represented structure' coincide, and therefore the notions 'admit' (some substitution) 
and 'weakly admit' (the same substitution) coincide. 

Lemma 3.16. Suppose that K has the hereditary property and the disjoint amalgamation 

property. Assume that A and B are permitted structures with the same universe and that 
the substitution [AoB] is admitted, but [Bi>A] is not admitted. Then there are permitted 
A' and B' such that 

(1) A' = B' Q A, 

(2) the substitution [A' i> B'] is admitted but [B' > A'] is not admitted, and 

(3) for every proper subset U C A' , A'\U = B'\U . 

Moreover, if M. is permitted and J^IB^A^ is forbidden, then there is permitted M' with 
M' = M such that M'[B' > A'] is forbidden. 

Proof. With 'c' we mean 'proper subset' or 'proper substructure'. It suffices to prove 
that if = ^ and B' = B do not satisfy (1) - (3), then there is ?7 C ^ such that 
if A' = A\U and B' = B\U, then [A' > B'] is admitted but [B' > A'] is not admitted. 
(Because if A' = is a singleton set, then (3) trivially holds.) The last statement of 
the lemma will follow from the proof that there exist A' and B' satisfying (1) - (3). 
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First we prove the following: 

Claim. U U C A, U = A\U and V = B\U, then the substitution [U > V] is admitted. 

Proof of Claim. Let M. be any permitted structure and suppose that U C. M.. We need 
to show that [> V] is permitted. By the disjoint amalgamation property there is a 
permitted C such that ^ C C, C C and AnM = U. Since [A>B\ is admitted, C[A>B\ 
is permitted. From M <^ C and Ar\ M = U we get M\llt>V] C C[A>B\, so Mp>V] is 
permitted (and hence represented). □ 

Suppose that for some U C A, A\U ^ B\U . (Otherwise A' = A, B' = B satisfy 
(1) - (3).) Let Ui, . . . ,Ui be an enumeration of all proper subsets Ui C A = B such 
that A\Ui / B\Ui. By assumption there is a permitted A4 such that B C A4 and 
J\f = M[B> A] is forbidden. For i = 1, ... ,1, let Ui = A\Ui and, by induction, define 
Afo = M, Vi = M\Ui, Ni+i = AT^H+i and V^+i = Ui\Ui+i. Let A! = Mi\A. 

Then M = M[B t> A] = M[A' > A]. 

If every one of the substitutions [Vi >Ui], . . . , [V; >Ui] and [^'i>^] is admitted, then M 
is permitted, which contradicts the assumption about J\f. First suppose that for some i, 
the substitution [Vi \>V(i] is not admitted. By the claim, [W^ > Vj] is admitted, so we are 
done (remember the first paragraph of the proof). 

Now suppose that for every i, the substitution [Vi>Ui] is admitted, and consequently 
[A' t> A] is not admitted. By the definition of A', we have A'\U = A\U for every 
U C A = A'. Hence, we are done if we can show that the substitution [A t> A'] is 
admitted. By the definition of Ui, Vi, i = 1, . . . ,1 and A', the result of the substitution 
[Ho ,4'], in any permitted structure, can be achieved by performing the substitutions 

[Vi>Ui],...,[Vi>Ui] 

sequentially in the order from left to right. By assumption, every substitution [VjOZYj] is 
admitted, and hence [So^'] is admitted. Since the result of the substitution can 
be achieved by first performing the substitution [^>;S], which is admitted by assumption, 
and then [Bo^'], it follows that [.4>.4'] is admitted. 

Now we verify the last statement of the lemma. When starting with M and then 
performing the substitutions [Vi >Ui], . . ., [Vi >Ui] and [^V^] in this order, then, since 
Af is forbidden, there is a first structure during this process which is forbidden. For A4' 
we take the last structure during the process such that it and every structure before it 
is permitted. □ 

Theorem 3.17. Assume that V, S-p and Sjr are permitted structures such that S-p C V, 
\S'p\ = \Sj:\, ||«S-p|| = k, F = V[S-p > Sj^] is forbidden, but the substitution [Sjr>S-p] is 
admitted. Moreover, assume that for every proper substructure U C S-p, Sp\\U\ = Sj^\ 
\U\. Let a be the number of different permitted structures with universe {1,. . . ,k} (so 
a > 2). 

(i) For every n, the proportion of Ai G K„ such that 

(a) M. contains a copy of Sjr, and 

(b) the V / Sp -multiplicity of M. is at least 2 

never exceeds 1 — 1/(1 + a). 

(ii) Suppose that there exist a permitted structure C and embeddings ai : V ^ C and 
a2 : V —> C such that cri{\V\) Ci (T2(|P|) = cri(|5-p|) and ai\\Sp\ = a2\\Sp\. Then, for 
every n, the proportion of M E K„ that satisfy all (2 \\V\\ — k — l)-extension axioms 

never exceeds 1 — 1/(1 + a). 

(Hi) Suppose that L has no unary relation symbols. The proportion of Ai £ K„ such that 

(c) A4 satisfies the Sj^/U -extension axiom, where U C Sjr and \\U\\ = 1, and 

(d) the V/ S-p -multiplicity of M is at least 2 
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approaches as n approaches oo. 

Corollary 3.18. Suppose that K has the hereditary property and the disjoint amalga- 
mation property. Also assume that there are permitted structures A, B and M. such that 
A = B and the substitution [A i> B\ is admitted, hut M.\Bi> A\ is forbidden. 
Then the proportion of structures in K„ which satisfy all {2\j\I\ — l)-extension axioms 
never exceeds 1 — 1/(1 +a), where a is the number of permitted structures with universe 
A. If the language has no unary relation symbols then this proportion approaches as 
n — >■ oo. 

Proof of Corollary 3.18. Assume that K has the hereditary property and disjoint amal- 
gamation property, and let A^ B and Ai satisfy the assumptions of the corollary. From 
Lemma 3.16 it follows that there are permitted structures 'P, S-p and Sjr which satisfy 
the assumptions of Theorem 3.17 and |5-p| C |^| and \P\ = Since K has the 

disjoint amalgamation property, part (ii) of Theorem 3.17 implies that the proportion 
of structures in K„ which satisfy all (2 ||7^|| — ||5-p|| — l)-extension axioms never exceeds 
1 — 1/(1 + a'), where a' is the number of permitted structures with universe \S'p\. Note 
that if a is the number of permitted structures with universe A, then, since ||5-p|| < \A\, 
we have 1 - 1/(1 + a') < 1 - 1(1 + a). 

Every structure in K which satisfies all (2 \\V\\ — — l)-extension axioms satisfies 

both (c) and (d) in part (iii) of Theorem 3.17. So if the language has no unary relation 
symbols the proportion of structures in K„ which satisfy all (2 ||P|| — ||»S-p|| — l)-extension 
axioms must approach as n — )■ cx). Since 2|M| — 1 > 2|P| — 1 > 2 \\V\\ — \\S-p\\ — 1 we 
are done. □ 



4. Examples 

In all examples, K = IJneN hereditary property. 

Example 4.1. (Forbidden weak substructures and proof of Theorem 3.4 from 
Theorem 3.17.) Let L have a finite relational vocabulary, and let F be a set of finite 

L-structurcs. For n € N, let K„ be the set of all L-structures M with universe {1, . . . , n} 
such that no J-" e F can be weakly embedded into ^A. Then a structure A is forbidden 
if and only if some J-" € F can be weakly embedded into A. It follows that there exists 
(at least) one minimal forbidden structure Fmin £ F in the sense that every proper 
weak substructure of J-min is permitted. 

If J^min does not have any relationship at all, that is, if Fmin is just a finite set of 
cardinality m, say, then K„ = for every n>m. Since we are only interested in the case 
when K„ 7^ for arbitrarily large n € N, we now assume that every minimal forbidden 
structure has at least one relationship. From this it follows that K„ 7^ for every n G N, 
because the assumption ensures that the set {1, . . . , n} without any structure belongs to 

Let J~ niin 

be any minimal forbidden structure. By assumption, for some relation 
symbol R, R^-^^^ is nonempty, so we can remove a relationship a from R-^™" and call the 
resulting structure V. Note that V is permitted (since Tmin is minimal forbidden), and 
that J^min and V have the same universe which includes rng(a). Let Sjr = |"rng(a) 
and S-p = 'Pfrng(a). Then S-p is permitted, because it is a substructure of V, and V is 
permitted. If rng(a) = |Jvnm| then Sjr = J^mi-n which is forbidden. If this holds for every 
choice of minimal forbidden Tmi-n and <Sj- as defined above, then (*) in Theorem 3.4 does 
not hold, and it is straightforward to verify that K admits /^-substitutions for every k. In 
this case. Theorem 3.15 implies that, for every extension axiom ip of K, the proportion 
of G K„ which satisfy (p approaches 1 as n ^ 00; and hence K has a zero-one law for 
the uniform measure, by Remark 3.3. 
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Now suppose that there is a minimal forbidden J-min and R such that for some 
a G R^min^ rng(a) is a proper subset of \Tmin\- Then (*) in Theorem 3.4 holds and 
Sjr = frng(a) is a proper substructure of J-mim and since the latter is minimal for- 
bidden, Sjr is permitted. Hence V, S-p and Sjr are permitted, but J-min = VlS-p > Sj^] 
is forbidden. (The notions 'admitted' and 'weakly admitted' coincide here because the 
notions 'permitted' and 'represented' coincide in this example.) But since the removal of 
a relationship from a permitted structure will never (in the present context) produce a 
forbidden structure, the substitution [Sj^ t> Sp] is admitted. Moreover, by the definition 
of jSj- and S-p, they agree on all proper subsets of their common universe. Thus, The- 
orem 3.17 is applicable. By part (i) of Theorem 3.17, the proportion of G K„ such 
that 

(a) Ai contains a copy of <S^, and 

(b) the P/5^-multiplicity of A4 is at least 2 

never exceeds 1 — 1(1 + 0;), where a is the number of permitted structures with uni- 
verse {1, . . . , |rng(a)|}. If K has the disjoint amalgamation property (which is assumed 
in Theorem 3.4), then part (ii) of Theorem 3.17 is applicable, and it follows that the 
proportion of structures in K which satisfy all (2|P| — |rng(a)| — l)-extension axioms 
never exceeds 1 — 1/(1 + a). And if the language has no unary relation symbols and K 
has the disjoint amalgamation property, then this proportion approaches as n — >■ oo, 
by part (iii) of Theorem 3.17. Note that ||J>nm|| = so Theorem 3.4 is proved. 

Example 4.2. This example shows that when, in Theorem 3.17, it is assumed that 
the language has no unary relation symbols, then this assumption is necessary. (The 
author does not have a corresponding example if one adds the assumption that K has 
the disjoint amalgamation property, as in Theorem 3.4 and Corollary 3.18.) 

Let Pi and P2 be unary relation symbols and let L be a language the vocabulary 
of which is finite, relational and contains Pi and P2. For n G N, let K„ consist of all 
L-structures M with universe {1, . . . , n} such that 

at most one element in M satisfies Pi(x), 

at most one element in M satisfies P2{x), and 

M h-3x,y(Pi(x) AP2(y)). 

K„ can also be described in the following way, by forbidden weak substructures. Let A, B 
and C have universe {1, 2} and the following interpretations: (Pi)"^ = {1}, (P2)'^ = {2}, 
(Pi)^ = {1, 2}, {P2f = 0, (Pi)^ = 0, {P2f = {1, 2} and i?-^ = P^ = i?^ = for every 
other relation symbol R in the vocabulary. Then K„ can also be described as the set 
of all L-structures M such that no G F = {A,B,C} is weakly embeddable in M. 
Note that F satisfies the condition labelled (*) in Theorem 3.4, so if a is the number of 
permitted structures with universe {1}, then the proportion of G K„ which satisfy 
all 2-extension axioms never exceeds 1 — 1/(1 + a). We have a > 3, and if the only unary 
relation symbols of L are Pi and P2 then a = 3. 

Next, we show that there exists a 0-extension axiom (i.e. an A/'/0-extension axiom with 
N a singleton set) such that the proportion of G K„ which satisfy it never exceeds 
1/2. For every n, K„ can be partitioned into three parts: one part, X„, consisting of all 
M. G K„ which satisfy 3a;Pi(a;); another part, Y„, consisting of all M. G K„ which satisfy 
^xP2{x)\ and a third part, Z„, consisting of all M G K„ which do not satisfy either of 
3xPi(x) or 3xP2(x). The definition of K„ implies that, for each n, |X„| = |Y„| = n|Z„|. 
Let A' = A\{\-}. Then A! is permitted and A' \= Pi(l). Moreover, for every n, the 
^Y0-extension axiom holds exactly for those M. G K„ which belong to X„, and we have 

|X„| |-^n| '^IZnl 1 1 

I n\Zn\ + n\Zn\ + \'Z'n\ 2 + 1/n 2 
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Examples 4.3 and 4.4 show how Theorem 3.17 can be applied. They also provide contrast 
to Examples 6.3 and 6.4, where a different probability measure is considered. 

Example 4.3. (Graph with a restricted unary predicate) Let the vocabulary of L 
consist of a unary relation symbol Q and a binary relation symbol R. Let K„ be the set 
of L-structures A4 with universe {1, . . . ,n} such that i?-^ is irreflexive and symmetric 
(i.e. an undirected graph) and 

M h Vx, y (i?(x, y) ^ (-Q(x) A -Q(y))) . 

We use notation which suggests how Theorem 3.17 will be used. Define 5-p, Sj^, V and 
T as follows: let \Sp\ = = {a}; Q^t" = R^^ = 0; Q^^ = {a}, R^^ = 0; \V\ = {a, 6}, 
= 0, R^ = {{a, b), (b, a)}; and J-" = VlS-p > Sj^]. Then S-p, Sjr and V are permitted, 
but J- is forbidden, since T \= Q{a) A R{a,b). Hence, the substitution [S-p > is not 
admitted, but the reverse substitution [Sjr t> Sp] is admitted, because we can always 
remove a Q-relationship without producing a forbidden structure. 

By Theorem 3.17 (i), the proportion of A4 € K„ which contain a copy of Sjr and 
whose P/«S-p -multiplicity is at least two is not larger than 1 — 1/(1 + 2) = 2/3. In this 
example we can do much better, asymptotically speaking, and show that the proportion 
of G K„ which contain a copy of or equivalently, which satisfy 3xQ{x), approaches 
as n — )• oo. We can argue as follows to see this. First let 

= {M e K„ : Q{x) is satisfied by at least two elements in |7W|}, 

Yn = {M E K„ : Q{x) is satisfied by a unique element in 



Since 



\Yn[ n2("2') ^ n ^ 



as n — >■ oo, it is sufficient to show that |X„| < |Y„|. For M. G X„, let a G |A^| = 
{1, ... ,77.} be minimal such that \= Q{a), and let A4' be defined as follows: \M'\ = 
{1, . . . , 77,}, = {a} and let i?-^ be the symmetric closure of 

R^u{{b,c}:beQ^-{a}, c G {1, . . . ,n} - Q"^}. 

Note that M' G Y„. It is now easy to verify that the map M M' from X„ to Y„ is 
injective; thus |X„| < |Y„|. 

Since {M G K„ : M \= -'^xQ{x)} is the set of all (undirected) graphs with vertices 
1, ... ,77, it follows that, with the uniform probability measure, the almost sure theory of 
K is identical to the almost sure theory of all undirected graphs, and consequently K 
has a zero-one law for the uniform probability measure. Since the complete theory of 
the Frai'sse-limit of K contains the sentence ^xQ{x) it is different from the almost sure 
theory of K, for the uniform measure. As we will sec later, for the 'dimension conditional 
probability measure' (where dimension equals cardinality in this example), the almost 
sure theory of K is identical to the complete theory of the Frai'sse-limit of K. 

Example 4.4. (Partially coloured binary relation.) Let the vocabulary of L consist 
of one binary relation symbol R and two unary relation symbols Pi, P2. Let K„ consist 
of all L-structures M with universe {1, . . . , n} such that 

M \= Vx^ (Pi (x) A P2 (x)) , and 

M^yx,y{Rix,y) ^ [-(Pi(x) A Pi(y)) A -(P2(x) A P2(y))] ) . 

We can think of Pj as representing the colour 'i'. Before using Theorem 3.17 to get some 
information about K„ we consider the proportion of G K„ which satisfy 3xPi{x). 
Let 

X„ = {MgK„:(Pi)^ = 0}. 
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For every 

Me^n, let Yn{M) be the set of A/" G K„ which satisfy that R'^ = and 

either 

• (Pi)-^ = {a} and (Pa)^ = {P2)^ for some a i (Pa)"^, or 

• [p^)^ = {a} and (Ps)^ = (^2)-^ - {a} for some a G (Pa)"^- 

It is straightforward to verify that, for every A4 G X„, |Y„(A1)[ > n, and, for every 
G K„, the number of G X„ such that Af G Y„(7W) is at most 2. It follows that 

ra " KWTM^OI ~ ^EAiex„ |Y„(A1)1 - i|X„|n = n ^ ' 

as n — >■ 00, so the proportion of G K„ such that M \= 3xPi{x) approaches 1 as 
n — 7> 00. The same argument works for P2. 

For an L-structure A4 and a G \M\, let us say that o is 6/anA; or uncoloured (in 
A1) if 7W 1= -■Pi(a) A -iP2(a). Let 5p have universe {a} where a is blank in Sp and 
p-^-p = 0. Let Sjr also have universe {a} where a has colour 1 in Sjr (i.e. |= Pi (a)) 
and R^^ = 0. Then S-p and Sjr are permitted and it is easily seen that the substitution 
[Sjr t> S-p] is admitted, because making a point blank never violates the conditions for 
being permitted (with respect to K). But if one point in an P-relationship is coloured 
by i, then colouring the other point in the same P-relationship by the same colour i 
produces a forbidden structure; so the substitution [Sp \> Sj^] is not admitted. Now 
we apply Theorem 3.17. Let \V\ = {a,b}, (-Pi)^ = {b} and R^ = {(a, 6)}. Since we 
know that the proportion of 7VI G K„ which contain a copy of Sj- (i.e satisfy 3xPi(x)) 
approaches 1 as n — > cxd, it follows that for arbitrarily small e > and all sufficiently 
large n, the proportion of G K„ such that the P/5p-multiplicity of A4 is at least 2 
never exceeds (l — l/(l-|-3))-|-e = 3/4 + e. Observe that the -multiplicity of A4 

is at least 2 if and only if M. satisfies the extension axiom 

(^ = Var3y,2;(hPi(x) A-P2(x)] ^ [y ^ z A R{x,y) A R{x, z) A Pi{y) A Pi{z)]) , 

so the probability, with the uniform probability measure, that this extension axiom is 
true never exceeds 3/4 + e. 

Example 4.5. (Coloured binary relation.) Let K„ be defined as in Example 4.4 
except that we add the condition that there are no blank elements, that is, every M G K„ 
satisfies Va:(Pi(x)VP2(x)) . By Theorem 9.16 and Remark 9.17, for every extension axiom 
of K, the proportion of G K„ which satisfies ip approaches 1 as n — )■ 00. Since K 

has the hereditary property and the disjoint amalgamation property, Lemma 3.16 and 
Theorem 3.17 (part (ii)) implies that there does not exist permitted Sp and Sjr such 
that the substitution [Sjr > Sp] is admitted and [Sp > Sj-] is not admitted. However, 
since changing one colour to another in a permitted structure may produce a forbidden 
structure, there are permitted A and A' (with singleton universes) such that none of the 
substitutions and [yl' l> yl] is admitted. 

Examples 4.6 and 4.7 (as well as Example 4.5) show that if K neither satisfies the 
conditions of Theorem 3.15, nor the conditions of Theorem 3.17 (or Corollary 3.18), then 
it may, or may not, be the case that for every extension axiom of K the proportion of 
Ai G K„ which satisfy approaches 1 as n — >^ 00. In contrast to Examples 4.2 - 4.5, 
the last two examples of this section do not have any unary relations. 

Example 4.6. (Complete bipartite graph.) For all r, s G N, let /Cr,s denote the 
undirected graph with vertices ai, . . . , a^, 61, . . . , 6s and an edge connecting Oj and bj for 
alH G {1, . . . , r} and j G {1, . . . , s}, and no other edges. /Co,s and /Cr,o are independent 
sets (no edges at all) with s and r vertices, respectively. 

For every n G N, let K„ be the set of all graphs with vertices 1,... ,n which are 
isomorphic to JCr^s for some r, s. Clearly, by adding an edge to any represented M. with 
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at least 3 vertices, we create a forbidden graph. Also, by removing an edge from any 
Kr^s such that r + s > 3 and min(r, s) > 1, we create a forbidden graph. 

It is easy to see that if s,r > k + 1, then ICr,s satisfies all /c-extension axioms of 
K = UneN '^n- Also, the proportion of £ K„ which are isomorphic to some ICr^s with 
r, s > k + 1 approaches 1 as n ^ oo. It follows that, for every extension axiom <y9 of K, 
the proportion of G K„ which satisfy tp approaches 1 as n — >■ cxd. It is straightforward 
to verify that the class of represented structures is closed under taking substructures (so 
'permitted' is the same as 'represented') and has the disjoint amalgamation property. 
By Corollary 3.18, there does not exist any permitted A and B with A = B such that 
[A > B] is admitted and [B > A] is not admitted. 

Example 4.7. (Equivalence relations) Here we define K such that (as in the previous 

example) there are no permitted A and B such that [A > B] is admitted and [B > A] is 
not admitted. In this example, K has an extension axiom (p such that the proportion of 
M. G K„ in which (p is true approaches as n — >■ oo, but nevertheless K has a zero-one 
law. 

We represent an equivalence relation on a set M as an undirected graph (without 
loops) with vertex set M such that if a is adjacent to b and b is adjacent to c 7^ a, 
then a and c are adjacent. Clearly, such a graph, which we call an equivalence graph, 
is a disjoint union of complete graphs. Let K„ consist of all equivalence graphs with 
vertices 1, .... n. Equivalently, we could have defined K„ by saying that it consists of all 
undirected graphs with vertices 1, . . . , n in which V is not embeddable, where V denotes 
the graph with distinct vertices 1,2,3 where 1 is adjacent with 2 and 2 is adjacent with 
3, but 1 is not adjacent with 3. It is easily seen that K has the disjoint amalgamation 
property. By Lemma 3.16, if there would be A, B with same universe such that [^i> B] 
is admitted, but not [Ho .4], then, because we only have a binary relation symbol, we 
could assume that the common universe of A and B has cardinality 2, and that [A > B] 
means either to remove an edge, or to add an edge. But it is clear that both the removal 
of an edge, as well as the addition of an edge, may produce a forbidden structure, so 
none of [.4>H] and [00^] can be admitted, contradicting the assumption. Hence, there 
does not exist A and B such that [^t>S] is admitted, but not 

We now show that if A is the graph having only one vertex a and B has vertex set 
{a, 6} where a is adjacent to b in B, then the probability that M G K„ satisfies the 
i3/^-extension axiom approaches as n — t- cxd. This contrasts the previous example. 
Let X„ be the set of G K„ which do not contain any connected component which is 
a singleton, and let X = IJ^^j^X^. Note that the class of represented structures with 
respect to X is closed under taking disjoint unions and extracting connected components; 
thus, the class of represented structures with respect to X is adequate in the sense of 
[10], which we will use. For every n > 1, X„ contains exactly one connected graph (the 
complete graph with vertices 1, . . . , n). Therefore, Theorem 7 in [10] implies that 



n|X„_i 



00 as n — )• 00. 



Let Y„ be the set of G K„ that contain at least one connected component which 
is a singleton, and let be the set of Al G K„ that contain exactly one connected 
component which is a singleton. Observe that 

X„ = K„-Y„ and |Y(j| = n|X„_i|. 

It follows that 

< T^TTT = T as n — >■ CXD. 



In other words, the proportion of Al G K„ which contain at least one connected compo- 
nent which is a singleton approaches 1 as n — >■ cxd. For every such At, the B/^-extension 
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axiom fails. Nevertheless, K has a zero-one law for the uniform probability measure, 
which follows from Theorem 7 in [10] and the above observed fact that, for every n, 
there is a unique connected graph in K„. 

5. Proof of Theorem 3.17 

Let L have a finite relational vocabulary and let K = IJ^^j^K^, where every K„ is 
a set of -L-structures with universe {l,...,mn} and lim„_!.oo = oo. Suppose that 
V, S-p and Sjr are permitted structures such that S-p C V, \S'p\ = \Sj^\, ||5p|| = A:, 
F = V[S-p \> Sjr] is forbidden, but the substitution [Sjr > S-p] is admitted. Morover, 
assume that for every proper substructure U C S-p, Sp\\U\ = Sj^\\U\. Let a be the 
number of different permitted structures with universe {1, . . . , A;} (so a > 2). 
We use the following terminology: 

Definition 5.1. (i) A pair of structures {A,B) is called a coexisting pair if A and B 
have the same universe. 

(ii) We say that two coexisting pairs {A,B) and {A',B') are isomorphic if there is a 

bijection a : \A\ — )■ \A'\ which is an isomorphism from A to A' as well as from B to B'. 

(iii) If {A, B) and {A', B') are isomorphic coexisting pairs then we may say that {A', B') 
is a copy of {A, B) . 

Lemma 5.2. Suppose that Sp is a proper substructure ofV and that M is represented. 
If {Sp^ , ) is a copy of the coexisting pair {Sp,Sj-) and C M, then the V/Sp- 

multiplicity of M[S^ t> S^] is 0. 

Proof. Without loss of generality (by just renaming elements) we may assume that 
Sj^ = C Jvl and that Sp = S^- . Then Sjr (= S^) is a substructure of M., and Sj^ 
and Sp (= S^) have the same universe which is a subset of By the assumption 

that V is permitted, but F = V[Sp\>Sj:\ is forbidden (see before Definition 5.1) we have 
Sjr ^ Sp, and, as Sjr C M and \Sj:\ = \Sp\, Sp is not a substructure of M. But Sp is 
a substructure of M [Sjr > Sp\ . 

We show that the "P/iS-p-multiplicity of M[Sj^\>Sp] is 0. Suppose for a contradiction 
that it is at least 1. Without loss of generality, we may assume that V = > Sp\ 

is a substructure of M[Sjr t> Sp\, so in particular, the common universe of J- and V = 
T[Sjr\>Sp] is a subset of the universe of M.[Sjr\>Sp\ and of M.. For each relation symbol 
R, of arity r say, we consider the interpretation of R in A^flJ^I. If a G l^j'l'^, then 

a e R-^^^ a e R^^ <^ a e R^ (since 5j- C T). 

If a G ITI^ — then we use the definition of substitutions (Definition 3.11) and get 

^ aGi^^l^^^'^pirF ^ -g^^[5^>5p] ^ aeR^. 

So whenever a G IJ^^I^ we have a G R^ if and only if a G R-^. Since the argument holds 
for every relation symbol R it follows that the forbidden structure J- is & substructure 
of Ai, which contradicts that Ai is represented. □ 

Definition 5.3. Let the expression ' mult (.4/^3 ; Al) > n' mean 'the .4/;S- multiplicity of 
is at least n'. 

Lemma 5.4. Suppose that M.,Af G K„ are different and that mu\t{V /Sp; M) > 2 
and m.ult{V/Sp;M) > 2. Let {S^,S^) and {S^,S^) he copies of the coexisting pair 
{Sp,Sr) such that S^ C M and S^ C M. If M[S^ > S^] = AA[5/ > S0] then S^ 
and S-^ have the same universe U and M. and N are different only on U ( that is, for 
every relation symbol R, if a belongs to exactly one of the relations i?-^ and R^ , then 
a G U.) 
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Proof. Let {Sp,Sj^) and {Sp ,S^) be copies of the coexisting pair (S-p.Sj^) such that 

CM and C J\f. Then there are maps aM ■ \<Sp \ ^ \Sjr\ and cjat : ^ 
such that: 

• aM is an isomorphism from to 5jr and from to <S-p, and 

• a/^f is an isomorphism from to Sjr and from to <S-p. 

Let {ai, . . . , a^.} be the universe of <Sj^ (and of S^) and let {61, . . . , bk} be the universe 
of 5^ (and of 5^). 

Suppose, for a contradiction, that 

(I) M[S^>S^] = n = M[S^ >S^] and that 
(II) {ai,...,ak} ^ {bi,...,bk}. 
Then 

(1) M = n[S^> S^] and M = n[s^ >S^]. 

Recall the assumption that for every proper substructure U C S-p, Sp\\U\ = Sj^\\h{\. 
Since {S:p^,S^) and {Sp,S-^) are copies of (5-p,«Sj-), it follows that and agree 
on all proper subsets of their common universe; and the same with M. replaced by A/". 
Prom (1) it follows that 

(2) if C {!,..., mn} and \U\ < k, then M\U = 'H\U = M\U. 

Since Hllbi, . . . ,bk} = Sp and M. is obtained from H by the substitution Ai = 
T-L[S:p^ t> <Sj^], which only affects the interpretations of relation symbols on {a\, . . . , a^}, 
assumption (II) together with (2) implies that 

M\{b^,...,bk} = S^. 

Since the 'P/5-p-multiplicity of M is at least 2, there are Vi Ad and isomorphisms (Tj : 
Vi, V such that C Pi, cr^fl^^l = a^, for i = 1,2, and n IP2I = {&i,- • • = 
|5p |. By assumption (I), % is obtained from M. by the substitution 7^ = M[S^ >Sp-] 
which only affects the interpretations of relation symbols on {ai, . . . , aj^}. This together 
with (II). (2) and the choice of Vi and V2 so that \Vi\ H \P2\ = {bi, ■ ■ ■ , bk\ implies that 
for i = 1 or i = 2, 'Htl'Pil = Vi- Choose i so that 

(3) n\\Vi\ = Vi. 

bmcc 5^ C Vi and ai : V, ^ V is an isomorphism such that cJifltSp"! = aj^, the 
substitution [S^ > <S^] changes Vi to a structure which is isomorphic with J-, that is, 
Vi[S-!p OiSj^] = via the isomorphism o-j. By applying (1) and (3) we get 

M\\n^ = {n[s^ ^s^])\\ni]^T. 

Hence the substructure of A/" with universe \Pi\ is isomorphic to the forbidden structure 
T. Therefore A/" is not represented, which contradicts that M G K„. 

So if (I) holds then (II) is false and hence all the structures Sj^, 5^, and 
have the same universe, say U . Consequently, from the assumption (I), if R is a relation 
symbol of arity r, say, and a G {1, . . . , m„}^ belongs to exactly one of and R^ , then 
aeU. □ 

Definition 5.5. (i) For every L-structure M, let T,{M.]Sjr \> Sp) denote the set of all 

structures of the form A4[5^ > where {S^,S^) is a copy of the coexisting pair 
(5p, 5jr) and C M. {U M contains no copy of Sjr then T,{M;Sjr> S-p) = 0) 

(ii) For every n, let Q,n denote the set of all M. € K„ such that mult(7-'/5-p; A^) > 2. 

(iii) Recall that a denotes the number of different permitted L-structures with universe 
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Lemma 5.6. If Mi, . . . ,Aia+i € ^^n Mi / Mj whenever i 7^ j, then 

5](M;5^>5p) = 0. 

l<i<a+l 

In other words, for every structure J\f , it can belong to 5](jM;<Sj- \> S-p) for at most a 
distinct M G fin ■ 

Proof. Suppose for a contradiction that Mi, ■ ■ ■ ,Ma+i £ are distinct and that 
U e ^{Mi-, 5jF > <Sp) for every i e {1, . . . ,a + 1}. Then there are copies (5^% 5^') of 
{Sv,S^) such that S^' C Mi and M = Mi[S^' > 5^^] for every z G {1, . . . , a + 1}. 
By Lemma 5.4, ah i € {1, . . . ,a + 1}, have the same universe, which we denote 

by U, and for every pair i,j G {1, . . . , a + 1} of distinct numbers, Mi and Mj are 
different only on U. The assumption that Mi ^ Mj ii i ^ j now impUes that for all 
distinct i,j G {1, . . . , a + 1}, Mi \U 7^ |~f7. Since \U\ = k, this contradicts the choice 
of a, being the number of all different permitted L-structures with universe {1, . . . ,k}. □ 

Now wc have the tools for proving part (i) of Theorem 3.17, and then the other parts of 
the theorem. Let f2* be the set of all M G K„ such that 

(a) M contains a copy of Sj^, and 

(b) the 'P/.STD-multiplicity of M is at least 2. 

By (b) and the definition of fin, f^n ^ ^n- Since every M G fi* contains a copy of Sj-, 
it follows that for every M G ft^, 'S(M;Sjr>S-p) ^ 0. Since the substitution [5jri>5-p] is 
admitted, 'S{M;Sjr t> S-p) C K„ for every M G K„. By Lemma 5.2, for every M G fi* , 
I](A^; Sjr >Sp) C Kn — fin- Lemma 5.6 now implies that 



|K„-0;|>| U ^{M;S^>&p) 
and hence a|K„ — fl* \ > \ fl. 
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Thus, the proportion of A1 G K^j not satisfying both (a) and (b) is at least 1/(1 + a). 
This concludes the proof of part (i) of Theorem 3.17. 

Part (ii) of Theorem 3.17 is a straightforward consequence of part (i). For if there 
exist a permitted structure C and embeddings ai : V ^ C and a2 ■ V —?■ C such that 
ai(|:P|)na2(|:P|) = cri{\Sp\), ai\\Sp\ = a2\\Sp\ and M G K„ satisfies ah (2 ||P|| -fc-l)- 
extension axioms, then conditions (a) and (b) in part (i) of Theorem 3.17 are satisfied. 

Now we prove part (iii) of Theorem 3.17. Here we have added the assumption that 
L has no unary relation symbols, so there is a unique (up to isomorphism) permitted 
structure with a singleton universe. (In fact this is sufficient for what we want to prove.) 
Let U C Sjr be such that ||W|| = 1. Note that since Sjr ^ S-p (and \Sj^\ = \Sp\) we have 
||<Sj-|| > 1. Suppose that M G K„ is such that 

(c) M satisfies the 5j-/Z//-extension axiom, and 

(d) the 'P/.Sp-multiplicity of M is at least 2. 

Since \\M\\ = rUn, there are m„ distinct copies ofU in M. Each one of these copies of U 
is, by (c), included in a copy of Sj^, so we get at least nin/k distinct copies of Sjr in M. 
Recall that our assumptions imply that Sp ^ Sj^ and <S-p|~|V| = (Sjr|~|V| for every proper 
substructure V C Sp. Since Yl{M;Sjr > Sp) contains all M which can be obtained from 
M by replacing one copy of Sjr by a copy of S-p, we have |S(A^; iSj- >5p)| > rrin/k. By 
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Lemma 5.2, no J\f G Sjr > S-p) satisfies (d). Hence, if E„ is the set of all M € K„ 

which satisfy both (c) and (d), then, by Lemma 5.6, 

\xr I ^ "T-n|En| |E„| |E„| ka 

K„ - E„ > — and hence < — - < . 

ka \Kn\ |K„-E„| nin 

As lim^^oo nin = oo, the proportion of € K„ which satisfy both (c) and (d) ap- 
proaches as n approaches oo. This concludes the proof of Theorem 3.17. 



6. Conditional probability measures 

In Sections 3 - 5 we saw that a condition that ensures that every extension axiom is 
true in almost all sufficiently large structures is that every substitution involving (only) 
permitted structures is admitted. And if this condition does not hold it may happen that 
some extension axiom is false in almost all sufficiently large structures. In this section we 
start to develop a theory of conditional probability measures on finite sets of structures. 
When using this measure we can include more examples of sets of finite structures for 
which any extension axiom is almost surely true in all sufficiently large structures under 
consideration. Such examples include Examples 4.3, 4.4 and 4.5, and more generally, 
coloured structures and partially coloured structures (as in examples 7.22 - 7.24). But 
there are other examples, such as X^;-free graphs {I > 3) which are not included; that 
is, also with the conditional measures considered here there is an extension axiom which 
almost surely fails for sufficiently large /C/-free graphs. 

Although the uniform probability measure is conceptually simple, it does not nec- 
essarily correspond to the probability measure associated with a method for randomly 
generating a structure of some specified kind. The conditional measures to be considered 
are more closely related to probability measures associated with random generation of 
structures of a given kind. This is the first point that will be stressed below, after the 
next two definitions. 

Definition 6.1. Let Co and Ci be finite sets of L-structures and let Pq be a probability 

measure on Cq- Suppose that 

(1) for every A € Cq there is at least one B & Ci such that A B, and 

(2) for every B £ Ci there is a unique A G Cq such that A B and whenever 
A' e Co and A' B, then A' Qw A. We denote such A by B\0. 

Then we define the uniformly ¥o-conditional probability measure Pi on Ci as 
follows: 

For every 5 G Ci, the probability of ;B in Ci is 
^'<'^> n{S'^C.:m0^fifO}| -''°<^l°>- 

and for X = {Bi, . . . , Bn} C Ci (where X is enumerated without repetition) 

n 

F,{X) = Y^¥,{Bi). 

1=1 

Definition 6.2. More generally, assume that Cq, ■ ■ ■ , Cj. are finite sets of -L-structures 
such that, for every z = 0, . . . , r — 1, (1) and (2) in Definition 6.1 hold if Co and Ci are 
replaced by Cj and Cj+i, respectively. Let Pq denote the uniform probability measure 
on Co (i.e. all elements of Cq have the same probability l/|Co|). By induction, define 
Pj-l-i to be the uniformly Pj-conditional probability measure, for i = 0, ... ,r — 1. We 
call the probability measure P^ on C^, thus obtained, the uniformly (Co, . . . ,Cr-i)- 
conditional probability measure. 
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Example 6.3. Let us first illustrate the definitions by considering Example 4.3, where 
K„ is the set of undirected graphs with vertices 1, . . . , n (with edge relation represented 
by R) and a unary relation symbol P subject to the condition: R{a, b) =^ -<P{a) and 
-iP(6). Wc have proved (see Example 4.3) that with the uniform probability measure, 
the probability of 3xP{x) holding in € K„ approaches as n — > oo. Next we show 
that with a naturally chosen conditional measure, the probability that 3xP(x) holds in 
Ai G K„ approaches 1 as n ^ oo. 

Let L denote the language considered in Example 4.3, with one binary relation symbol 
R and one unary relation symbol P, and let Lq be the sublanguage of L whose vocabulary 
contains only P. For every n, let K„fLo = {M\Lq : Ai G K„}. Recall from the 
definition of weak substructure (Section 2.1), and the discussion after it, that, for every 
M. € K„, MILq may also be viewed as an L-structure (in which the interpretation of 
R is empty) and it follows that M\Lo M. It is easy to verify that, for every n, if 
Co = K^fLo and Ci = K„, then conditions (1) and (2) in Definition 6.1 hold. Hence, for 
every n, the uniformly (K„ fLo)-conditional probability measure on K„ is well-defined. 
Now, the claim that the probability, with this measure, that (the extension axiom) 
3xP(x) holds in G K„ approaches 1 as n — >■ oo, is a consequence of Theorem 7.31. 
But for this simple example it suffices to observe that the probability of G K„, 
with the uniformly (K„ fLo)-conditional measure, is the probability of obtaining Al by 
the following generating procedure: First go through every i G {l,...,n} and with 
probability 1/2 let it satisfy P{x); then take the set {ii, . . . ,im} of all vertices which do 
not satisfy P{x), and for each unordered pair {i,j} of elements from {ii, . . . , im} assign 
an edge to it with probability 1/2. So the probability that no i G {1, . . . , n} satisfies 
P{x) is 1/2"', which approaches as n — )■ oo. 

Example 6.4. Let us now consider Example 4.4 (partially coloured binary relation), 
where the vocabulary of L is {R, Pi, P2}, R is binary and Pi, i = 1,2, are unary, and 
thought of as "colours". K„ consists of all structures with universe {1, . . . , n} such that 
the universe is partially coloured with respect to the relation R, that is, every element 
has at most one colour (1 or 2), and it may be uncoloured (or "blank"), and whenever 
R{a, h) holds, then a and h cannot be coloured with the same colour. 

How can we, for any given k, design a procedure that generates - by possibly making 
some random assignments on the way - A^ G K„ in such a way that the probability 
of ending up with an A^ G K„ with exactly k elements with colour 1 is the same as 
the proportion of A^ G K„ which have exactly k elements with colour 1? The author 
does not know, and the point is that, in general, it may not be easy to conceive of a 
generating procedure, of structures from a given set, such that the probability measure 
associated with the generating procedure is identical to the uniform probability measure 
on the given set of structures. 

Recall, from Example 4.4, that there is an extension axiom </? such that the probability, 
with the uniform measure, that (p holds in A^ G K„ approaches as n ^ 00. But if we 
apply the following generating procedure of A^ G K„, then, for every extension axiom 
(p, the probability of ending up with an Al G K„ which satisfies ip approaches 1 as 
n 00. For every i G {1, . . . ,n}, with probability 1/3 let it have colour 1, colour 2 or 
be blank; then go through all pairs such that i and j are not coloured with the 

same colour and let G i?"^ with probability 1/2. The probability of obtaining, in 

this way, a structure A^ G K„ is the same as the probability of A4 with the uniformly 
(K„ |~Lo)-conditional measure on K„, where Lq is the sublanguage of L whose vocabulary 
is {Pi,P2} and K„|"Lo = {A4\L() : A4 G K„}. By letting the underlying geometry of 
every structure in K = U„gf^ K„ be trivial (see Remark 7.2) and applying Theorem 7.31 
it follows that, for every extension axiom 99 of K, the probability, with the uniformly 
(K„ |~Lo)-conditional measure, that ip holds in K„ approaches 1 as n — >■ 00; and by 
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Theorem 7.32, K has a zero-one law. We have in particular shown that the asymptotic 
probability, with the uniform probability measure, of a first order definable property 
in K may be different from the asymptotic probability of the same property when the 
(K„ |~Lo)-conditional measure is used. 

Before taking underlying pregeometries into account, we collect a technical lemma which 
will be used later. 

Lemma 6.5. Suppose that Co, . . . , are finite sets of structures such that, for every 
z = 0, — 1, (1) and (2) in Definition 6.1 hold if Cq and Ci are replaced by Cj 

and Cj+i, respectively. For r = 1, . . . ,k, let denote the uniformly (Co, • • • , C^-i)- 
conditional probability measure on Cr- // 1 < J' < s < A; and ,4 C C^, then 

Fr{A) = Fr+l{{B G Cr+1 : A B}) 

and ¥r{A) = Ps{{B G C^ : ^ B}). 

Proof. The second identity follows from the first by induction, and the first identity is a 
straightforward consequence of Definitions 6.2 and 6.1. □ 

7. Underlying pregeometries 

Definition 7.1. (i) We call an L-structure A a pregeometry if 

(1) there is a closure operation cl^ on A such that (^, cl^) is a pregeometry, 

(2) for all n G N there is a formula 6n{xi, . . . , Xn+i) G L such that for all ai, . . . , Un+i G 
A, Un+i G cU(ai, . . . , an) if and only if ^ |= 6*^(01, . . . , On+i), and 

(3) if X C ^ is closed with respect to cl^ (i.e. cI_a{X) = X), then X is closed under 
interpretations of (eventual) function symbols and constant symbols; so X is the 
universe of a substructure of A. 

(ii) Let K be a class of L-structures. We call K a pregeometry if every ^ G K is 
a pregeometry and for every n G N there is a formula On{xi, . . . ,x„-|-i) G L such that 
for every ^ G K and all ai, . . . ,a„+i G A, Qn+i G cl^(ai, . . . ,a„) if and only if .A |= 

6n{ai, . . . , a„+i). 

Remark 7.2. For every structure A, if cl_4(X) = X for every X C. A, then ^ is a 
pregeometry in the sense of Definition 7. 1 (i) . This pregeometry is often called trivial 
or degenerate. It may happen that for a structure A there is more than one way to 
define a pregeometry on A. As noted, we always have a trivial pregeometry on A. But 
if, for example, ^ is a vector space over some finite field (formalized as a first-order 
structure in a suitable way), then we can also let cl^(X) be the linear span of X, and 
then cl_4 becomes a pregeometry on A. When saying that a structure ^ is a pregeometry 
we assume that some particular pregeometry on A (in the sense of Definition 7.1 (i)) is 
fixed, and if we say that a class of L-structures K is a pregeometry we assume that, for 
every ^ G K, some pregeometry cl^i is fixed on A and that the condition in Definition 7.1 
(n) holds. 

Assumption 7.3. For the rest of this section we assume that K is a class of L-structures 
which is a pregeometry, and that the formulas 9n{xi, . . . ,Xn+i) define the pregeometry 
in the sense of Definition 7.1 (ii). (Later, in Assumption 7.10, we will add some more 
assumptions.) 

Definition 7.4. (i) As in Sections 3 - 6, we say that structure A is represented (with 
respect to if ^ is isomorphic to some structure in K. We say that A is permitted 
(with respect toK.) ii it can be embedded into some structure in K; or equivalently, if it 
is a substructure of some represented structure. And a structure which is not permitted 
(with respect to K) is forbidden (with respect to K.). Note that every represented 
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structure is a pregeometry on which the closure operator is defined by 9n{xi, . . . ,Xn+i), 
n G N. This is what we mean when speaking about a pregeometry and closure on a 
represented structure. 

(ii) If is a pregeometry, then the notation A means that ^ is a substructure 

of M. and c\m{-^) = ^- In words, we express ''A Qcl by saying that A is a closed 
substructure of M. 

Definition 7.5. The notion of ;B/^-multiplicity is defined as before (Definition 3.9), 

except that we require that A and B are closed in some superstructure. More precisely: 
Suppose that there is a represented J\f such that A C B and both A and B are 

closed in J\f. We say that the B / A-multiplicity of a (represented) structure M is 
at least m if the following holds: 

whenever A' and a : A' ^ A\s sn isomorphism, then there are B[ C^,; M 

and isomorphisms a-i : B'- B, (ov i = 1, . . . ,m, such that A' C B'^^, c7i\A' = a 
and B'- D B'- = A' whenever i ^ j- 

The B / A-multiplicity is m if it is at least m but not at least m + 1. 

Remark 7.6. Observe that wc can express, in first-order logic, that sets are closed (or 
not) in a uniform way. For if 7n(.i'i, . . . ,a;„) denotes the formula 



then for every G K and all ai,...,a„ G M, M. \= 7„(ai, . . . , a„) if and only if 
{ai, . . . , a^} is closed in A^. It follows that whenever M. is represented and A'^B M. 

are closed substructures of Ad, then, for every m G N, there is a sentence (p„i such that 
for every represented M, M \= (fm if and only if the S/^- multiplicity of A/" is at least m. 

Definition 7.7. For represented A4 and closed substructures A C B Q A4, the B/A- 
extension axiom is the statement expressing that the ;B/.4,- multiplicity is at least 1. 
As noted in Remark 7.6, this statement is expressible with a first-order sentence. 

Note that if the closure operator of (structures in) K is trivial, then the definitions of 
extension axioms and multiplicity coincide with those given earlier; so the earlier setting 
is a special case of the current setting. 

Definition 7.8. Let K be a class of L-structures and let {Mn : n G N) be a sequence 
of structures from K. 

(i) We say that the sequence {Mn : n G N) is polynomially k-saturated if there are 
a sequence of numbers (A„ : n G N) with lim^^oo A„ = oo and a polynomial P{x) such 
that for every n G N: 

(1) A„ < |M„| < P{\n), and 

(2) whenever Af is represented and A C B C J\f are closed (in J\f) and dim._\f{A) + 1 = 
dim^(S) < k, then the ;B/.4-multiplicity of Mn is at least A„. 

(ii) We say that K is polynomially k-saturated if there arc Mn G K, for n G N, such 
that the sequence {Mn : n G N) is polynomially k-saturated. 

Example 7.9. While it is possible to construct many different K which are polynomially 
fc-saturated (by application of Theorem 7.31) the kind of pregeometries that are present 
in examples that the author can construct are rather limited. So let us look at examples 
of K which are polynomially /c-saturated for every /c G N and which do not have any 
more structure than what is necessary for defining the pregeometry. The cases known 
are on the one hand the trivial pregeometry and on the other hand (possibly projective 
or affine variants of) linear spaces over a fixed, but arbitrary, finite field. 



n 
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If L has empty vocabulary and £n is the unique L-structure with universe {1, . . . ,n} 
(with trivial closure operator), then it is straightforward to check that (£^„ : n G N) is 
polynomially A;-saturated for every G N. 

Now suppose that Qn is a vector space with dimension n with universe {1, . . . 
over a finite field F of order p. Let c\g^ be linear span. To view Qn as a first order 
structure we can let scalar multiplication be represented by unary function symbols (one 
for every element in F), vector addition by a binary function symbol, and let there be a 
constant symbol for the zero vector. Then {Qn '■ n G N} is a prcgcomctry in the sense of 
Definition 7.1. The proof of Lemma 3.5 in [14] shows that {Qn : n G N) is polynomially 
^-saturated, for every A; G N. In [14] it is explained how one can "transform" Qn into 
a first-order structure, which represents a projective space Vn or affine space An over 
F of dimension n. By the argument leading to Proposition 3.4 in [14] it follows that 
{Vn : n G N) and {An : n G N) are polynomially fc-saturated, for every A; G N. 

There are other "linear geometries" (see [12]) which involve quadratic forms. These 
may be candidates for other polynomially fe-saturated sequences of pregeometries; but 
for reasons explained in Problem 3.8 in [14], the author has not been able to prove or 
disprove it. 

Prom now on we work within the following context, in addition to the assumptions 
already made (see Assumption 7.3). 

Assumption 7.10. Prom now on we assume the following: 

(1) Lq C L are first-order languages with vocabularies Vq and V, respectively, such 
that V — Vq is finite and relational. 

(2) G = {Qn : n G N} is a set of Lg-structures which is a pregeometry, in the sense 
of Definition 7.1. Moreover, assume that the formulas On{xi, . . . , x„+i) G Lq, for 
n G N, define the pregeometry in the sense of Definition 7.1. 

(3) Por n G N, K.„ = K.{Qn) is a set of expansions to L of Qn, and K = |J^gj^K„. 
Por each ^ G K, cl^ is, by definition, the same as cIj^^Lq, where the latter is the 
same as clg„ for some n, because A\Lo = Qn for some n. 

(4) Whenever M is represented and A ^cl M, then A is represented. 

Remark 7.11. (i) Note that point (4) in Assumption 7.10 says that the class of repre- 
sented structures is closed under closed substructures. 

(ii) If the closure is trivial, then (4) is equivalent to the hereditary property (for K). 

(iii) Analogues of the main theorems of this section can be stated and proved without 
assumption (4), but then, to get such results, the notion of 'acceptance of substitutions' 
(Definition 7.20) must be modified, and becomes more complicated. The author opted, 
in this case, for simplicity rather than some more generality. 

Definition 7.12. Let A €K. and let d be a natural number. 

(i) The d- dimensional reduct of A, denoted A\d, is the weak substructure of A which 
is defined as follows: 

(a) A\d has the same universe as A. 

(b) Every symbol in the vocabulary of Lq is interpreted in the same way in A\d as 
in A. 

(c) Por every relation symbol R which belongs to the vocabulary of L but not to the 
vocabulary of Lq, and for every tuple a from the universe of A, 

a G -R-^^*^ dim^(a) < d and a G R^. 

(ii) K\d= {A\d: AeK}. 

(iii) Kn\d={A\d:AeKn}. 
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Remark 7.13. (i) Observe that if there is no relation symbol whose arity is greater than 
d, then for every A E K., A\d = A; hence K.\d = K. and K„ \d = K„ for every n. 
(ii) By Definition 7.12, for every n G N and every positive r € N, the sequence K^f 
0, K„ fl, . . . , K„ fr satisfies the conditions for Cq, . . . , C,. in Definition 6.2. Hence, for 
every n G N and every positive r G N, the uniformly (K„ I'D, ... , K„ \r — l)-conditional 
measure is well-defined on K„ \r. 

Remark 7.14. Note that for an L-structure G K we have different kinds of "reducts", 
and the same symbol ' f is used in all contexts, but the symbol following ' f is a key, 
besides the context, to what is meant. For a sublanguage L' C L, A4\L' is the reduct 
of Ai to L' in the usual "language wise" sense. For a subset X C M, M \X denotes the 
substructure of M. which is generated by X. And for a natural number d, M.\d denotes 
the d- dimensional reduct of M., which is a weak substructure of M, but not necessarily 
a substructure. 

Definition 7.15. (i) Let p be equal to the largest arity of a relation symbol in the 
vocabulary of L. Note that if r > p then for every A ^ A\r = A\ hence K|~r = K 
and K„ \r = K„ for every n. 

(ii) For every n G N, let P„^o denote the uniform probability measure on K„ \Q. For every 
n G N and every positive r G N, let Pn,r denote the uniformly (K„ fO, • • • , K„ \r — 1)- 
conditional measure on K„ \r. 

(iii) The uniformly (K„ fO, . . . , K„ \p — l)-conditional measure P„^p on K„ = K„ \p is also 
denoted by (5„ and called the dimension conditional measure on K^j. 

Example 7.16. Suppose that L and K„ are defined as in any of Examples 4.3 - 4.5, let 
Lq be the language with empty vocabulary, and let the underlying pregeometry be trivial. 
If Lq is defined as in the corresponding example, then the dimension conditional measure 
on K„ is, by definition, the same as the uniformly (K„ |~0, K„ |~l)-conditional measure on 
K„, which in turn is identical to the uniformly (K„ |~Lo)-conditional measure, considered 
in the mentioned examples; this follows straightforwardly from the definitions. Examples 
with nontrivial underlying pregeometry will appear later. 

Definition 7.17. We say that the pregeometry G = {Qn '■ n G N} is uniformly 
bounded if there is a function : N — >■ N such that for every n G N and every X C \Qn\, 

\c\gSX)\<u{dimgSX)). 

Remark 7.18. The trivial pregeometries and the pregeometries obtained from vector 
spaces over finite fields are uniformly bounded. More examples of uniformly bounded 
pregeometries can be obtained by applying the variants of the amalgamation construction 
first developed by E. Hrusliovski which produce countably categorical supersimple limit 
structures with rank 1 [24, 16]. However, the cases of such constructions known to the 
author do not produce pregeometries which are polynomially fc-saturated for all k; this 
can be seen by considering the arguments in Section 2 of [13]. The author does not know 
an example of a pregeometry (in the sense of this paper) G = {Qn : n G N} which is not 
uniformly bounded and such that each Qn is finite, as we always assume here. 

Terminology 7.19. When saying that two represented structures A and A' agree on 
Lq and on closed proper substructures we mean that A \Lq = A! \Lq (so in particular, 
cl^ = cl_4') and whenever U Qcl -A. and dim^(C/) < d\m.j^{A), then A\U = A!\U. 

The next definition generalizes the notion of 'admitting substitutions' from Section 3 to 

the context of this section. 

Definition 7.20. Let A and A! be represented structures. Note that, in part (i) and 
(ii) of this definition, the property defined can only hold if A and A! agree on Lq and on 
closed proper substructures; so that is the situation which is of interest. 
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(i) We say that K accepts the substitution [A > A'] over Lq if whenever M is 
represented and A C^i M., then there is a represented ^f such that ^f\LQ = M.\Lo, 
Af\\A\ = A' and if U C^i N, A\mj^{U) < dimj^{A') and U ^ A', then M\U = M \U. 

(ii) Wc say that K accepts k- substitutions over Lq if whenever A and A' are repre- 
sented structures which agree on Lq and on closed proper substructures, and dim.j^{A) = 
dim^/(^') < k, then K accepts the substitution [^o^'] over Lq. 

Remark 7.21. (i) It is easy to see the following: If there is, up to isomorphism, a unique 

represented structure with dimension 0, then K accepts 0-substitutions over Lq. 

(ii) Let p be the supremum of the arities of all relation symbols that belong to the 

vocabulary of L but not to the vocabulary of Lq. It is straightforward to verify that if 

K accepts ^-substitutions over Lq, then, for every A; G N, K accepts ^-substitutions over 

Lq. 

We now give examples of K which accept /c-STibstitutions for all A; G N. After Theo- 
rem 7.34, which is about K which do not satisfy this condition, we give more examples, 
which, for some k, do not not satisfy ^-substitutions. 

Example 7.22. (Coloured structures.) For the sake of having a uniform terminology 
in this example, and the next, let us have the following convention. For F = {1} let Lp 
be the language with empty vocabulary Vp and let = {Qn : n G N}, where Qn is 
the unique Lp-structure with universe {!,... ,n}. In this case call the vector space 

pregeometry over {1}. 

For any finite field F, the vector space pregeometry over F refers to the pregeometry 
G-^ = {Qn : n G N} defined in Example 7.9; so Qn is a vector space over F of dimension 
n, and Lp and Vp is the language and vocabulary, respectively, of Qn- 

Let G'^ = {Qn : n € N} be the vector space pregeometry over F, where F is a 
finite field or {1}. Then let / > 2 and assume that L^oi D Lp, "the colour language" is 
the language with vocabulary Vcoi = Vp U {Pi, . . . ,P;} where all Pi are unary relation 
symbols, representing colours. Also assume that L^eZ ^ Lp, "the language of relations", 
has a vocabulary Vrei such that Vrei — Vp contains only finitely many relation symbols, 
of any arity. Let L be the language with vocabulary V = V^oi U V^eZ- For every positive 
n G N define K„ = K(^„) to be set of expansions M. of Qn to L that satisfy the following 
three I -colouring conditions: 

(1) M ^'ix{Pi{x)\J ...\J Pi{x)). 

(2) For all distinct j G {1, . . . , I}, and all a, 6 G M — c1;k(0) such that a G c1;k(6), 
M. \= -i(Pi(a) A Pj{h)). (In other words: any two linearly dependent non-zero 
elements must have the same colour.) 

(3) If G Vrei has arity m > 2 and M \= R{ai, . . . ,am), then there are b,c & 
cl>i(ai, . . . , Qm) such that for every k e {1, . . . ,1}, M \= -i(Pfc(6) A -Pfc(c)) ; that 
is, at least two elements in cl^(ai, . . . ,a^) have different colours. 

It is now straightforward to verify that, for every F considered, K = |J^gj5^K„ accepts 
A:-substitutions over Lp, for every A; G N. And as mentioned in Example 7.9, {Qn : n G N) 
is polynomially A;-saturated for every fc G N. It is also uniformly bounded. Thus, with 
this setup of {Qn : n G N) and K the premises of Theorems 7.31 and 7.32 (below) are 
satisfied. This example and the next will be studied more in Sections 9 and 10. 

Example 7.23. (Strongly coloured structures.) The colourings considered in the 
previous example are the convention within hypergraph theory [7, 26], but we would also 
like to consider another sort of colourings, called strong colourings in the hypergraph 
context [1], and wc adopt the same terminology. Here, G^, Lp, L^oi, L^ei and L are 
defined as in Example 7.22. Let K = UneN-^"' where K„ consists of those L-expansions 
M. of Qn which satisfy (1) and (2) from the previous example and the following strong 
l-colouring condition: 
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(3') If i? G Vrei has arity m > 2, Ai \= R{ai, . . . ,am), b,c & cl_A4(ai, . . . , Om) and 
b is independent from c (i.e. b ^ c1;k(c)), then for every A; € {1, ...,/}, ^ 
~'{Pk{b) A Pfe(c)); that is, every pair of mutually independent elements b and c 
in the closure of ai, . . . , have different colours. 

Again, it is straightforward to verify that, for every F considered, K accepts ^-substitutions 
over Lp, for every G N. 

Example 7.24. (Other variations of coloured structures) In the previous two 
examples, it is also possible to consider projective or affine spaces over a finite field, 

instead of a vector space. And, by dropping condition (1), one can consider partial 
colorings or strong partial colourings. For all these variations, K accepts fc-substitutions 
for every A; G N. 

Example 7.25. (Random relations on a vector space) Let F be a finite field and 
let Li,' and = {Gn ■ n € N} be as in Example 7.9. Let L be the language whose 
vocabulary consists of the symbols in the vocabulary of Lp and, in addition, relation 
symbols Ri, . . . , Rp, of any arity. For every n, let K„ = K.{Qn) be the set of all L- 
structures M. such that M \Lo = Qn- It is straightforward to verify that, for every A; G N, 
K = [J^gji^K„ accepts A;-substitutions over Lp- A similar example can be constructed 
over projective or affine spaces over F. 

Remark 7.26. (An algebraic approach to adding "pseudo-random" edges) Here 
we sketch an algebraic approach to expanding F-vector spaces by a binary irreflexive 
symmetric relation. The graph structure itself will, in the limit, be the same as the one 
obtained in the previous example when only one relation symbol Ri = R \s considered 
and always interpreted as an irreflexive and symmetric relation. But in the algebraic 
approach it is not sufficiently clear to the author how the vector space structure interacts 
with the graph structure and therefore the question whether K defined below accepts 
2-substitutions over the vector space language is left open. 

Let = Fp be the finite field of order p, where p is a prime which is congruent to 1 
modulo 4. As in the previous example, let L^^ be as in Example 7.9. Every field of order 
p", denoted F^n, can be viewed as a vector space over F = Fp, and this vector space 
(of dimension n), formalised as an Li,--structurc, is denoted V„. Let the vocabulary of 
the "graph language", Lg, contain only one binary relation symbol i?, let be the set 
of undirected graphs (as Lg-structures) with vertices 1, . . . ,n and let = U^^pjK^. 
Then let L be the language whose vocabulary is the union of the vocabularies oi Lp 
and Lg. Every Vn can be expanded to an L-structure, denoted Vn, so that Vn\Lg is an 
undirected graph, by letting Vn \= R{a, b) if and only if a — 6 is a square in the field 
Fpn; so Vn\Lg is a Paley graph. By results about Paley graphs (see Chapter 13 of [8]) it 
follows that, for every extension axiom ip of K^, is true in Vn for all sufficiently large 
n. By compactness there is an infinite L-structure V such that V\Lp is a vector space 
over F and V\Lg is an undirected graph which satisfies every extension axiom of K^. 
Now we can let Qn be an n-dimensional vector space over F, viewed as an Lp'-structure, 
and let K„ = K(^„) be the set of expansions, Al, to L of ^„ such that M. is isomorphic 
with some substructure of V. We may now ask whether it is true that, for every fe, 
K = UneN accepts ^-substitutions over Lp and/or is polynomially /c-saturated. Since 
V \Lg satisfies every extension axiom of (and possibly using more information about 
Paley graphs) one may be tempted to guess that the answers are yes in both cases. 
However, when dealing with the question of whether K accepts 2-substitutions over Lp 
we need to understand (it seems) what graphs can appear as % = AA \Lg where M is 
a substructure of V, so in particular, M is a linearly closed subset of V . This seems to 
involve deeper understanding of the interaction between the vector space structure of Vn 
and the multiplicative structure of F^n for all sufficiently large n G N. 
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Example 7.27. (Hypergraph and random graph on a vector space) Let F be 
a finite field and let Lp and = {Qn : n G N} be as in Example 7.9. Let L be 
the language whose vocabulary consists of the symbols in the vocabulary of and, in 
addition, relation symbols E and R where E is binary and R is ternary. For every n € N, 
let K„ = K(^„) be the set of L-structures M. such that A4\Lp = Qn, E is interpreted 
as an irreflexive and symmetric relation, so we call ^'-relationships edges, and, for all 
a,b,c £ M, (a, b, c) G i?-^ if and only if the subspace spanned by a, b and c contains an 
odd number of edges. We show that K = (J^^j^K^ accepts A;-substitutions for all G N. 
As was mentioned in Remark 7.21, it suffices to show that K accepts 3-substitutions. 
Let L' be the sublanguage of L in which the symbol R has been removed, but all other 
symbols have been kept. Observe that, for every G K and for all a, 6, c G AI, whether 
A4 \= R{a,b,c), or not, is determined by the substructure of Ai\L' whose universe is 
the linear span of a, b and c. This implies that it suffices to show that K accepts 2- 
substitutions. Since the only restrictions on E is that it is interpreted as an irreflexive 
and symmetric relation, it follows that in whichever way we expand Gn with edges, we 
get M.\L' for some ^A G K„. This implies that K accepts 2-substitutions. 

Suppose that L* is the sublanguage of L where the symbol E has been removed, but all 
other symbols have been kept, and let K* = UnGN -^n) where K* = {A4 \L* : Ai G K„}. 
It is, when writing this, not clear to the author if K* accepts 3-substitutions, or not. 

Example 7.28. In this example, pairs of elements as well as elements can be coloured 
and some restrictions are imposed. Suppose that, for every n, Gn is a projective space 
over the 2-element field and let Lq be the language of Qn- Let L Z) Lq contain, besides the 
symbols of Lq, three unary relation symbols Pi, P2, P3, three binary relation symbols 
Ri,R2,R3 and one ternary relation symbol S. We can think of the Pi as colours of 
elements, and the Ri as colours of pairs. For every n, K„ = K(^„) consists of all 
expansions Ai of Qn to L which satisfy the following conditions: 

(a) For every 2-dimensional subspace X C M, if no pair (o, b) G X'^ is coloured, then 
at least one point in X is coloured. 

(b) For every two dimensional subspace X C M, if some pair (a, b) G X^ is coloured, 
then there are not two different points in X with the same colour (but two 
different points may be uncoloured). 

(c) UAi 1= 5(a, 6, c), then {a, 6, c} is independent and if (di, (i2), (ei, 62) G cl_A/((a, 6, c), 
then {di,d2) and (61,62) do not have the same colour (but both may be un- 
coloured) . 

We show that K accepts 3-substitutions over Lq. Since no relation symbol has arity 
greater than 3 it follows (see Remark 7.21) that K accepts ^-substitutions over Lq for 

every /c G N. 

Let A, A' be represented and assume that A \Lq = A' \Lq and that A and A' agree on 
all closed proper substructures. We must show that if A4 is represented and A Qcl -M., 
then there exists a represented M such that M\Lq = M\Lo, Af\A = A' and whenever 
^ '^ci M, d\uiM{U) < dim^{A'), and U ^ A', then M\U = M \U . 

First suppose that dim_A4(^) = 1. Let M.' = MIA^ A!], according to Definition 3.11 
(Since A\Lq = A'\Lq, the substitution involves only interpretations of relation symbols). 
Then go through all B Qcl of dimension 2; whenever we meet such B which is 
forbidden we can change some binary relationships (i?j, i = 1,2,3), but not change 
any unary relationships {Pi, i = 1,2,3), and thus get a permitted substructure. When 
this has been done for all 2-dimensional closed substructures, call the result M"; so 
all 2-dimensional substructures of Ai" are permitted. Then we can just remove all S- 
relationships from Ai" so that in the resulting structure M the interpretation of S is 
empty. It now follows from the construction of M and (a) - (c) that Af is represented. 
And whenever U C. N is 1-dimensional and different from A', then Af\U = A4 \U. 
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Now suppose that dimx(^) = 2. Let M' = M[At> A!]. Then M' and M agree 
on all closed 1- or 2-dimensional subsets which are different from A' . By removing all 
S'-relationships from M' we get M which is represented and such that J\f and M agree on 
all closed 1- or 2-dimensional subsets which arc different from A' . Moreover, N\A' = A! . 

Finally, suppose that dim^(A) = 3. Both A and A! satisfy (a) - (c) (because they 
are permitted) and A and A! agree, by assumption, on substructures of dimension 2. 
Hence M = M[A\> A!] and AA agree on subsets of dimension 2 and on closed subsets of 
dimension 3 which are different from A' . Since A! is represented, and hence satisfies (a) 
- (c), is represented. 

The next lemma tells that the notion of 'accepting /c-substitutions over Lq' is indeed a 
generalization of the notion of 'admitting ^-substitutions'. 

Lemma 7.29. Let Lq he the language with empty vocabulary and let Qn he the unique Lq- 
structure with universe {1, . . . , rrin} (with the trivial pregeometry) where lim„_>.oo mn = 
oo. Let L be any language with finite relational vocabulary. Suppose that, for every n, 
K„ is a set of L -structures with universe {!,... ,mn}; in other words, K„ = K(^„) is 
a set of expansions of On to L; and let K = [J^gpjK„. For every k G N, z/ K admits 
k-suhstitutions (in the sense of Definition 3.12), then K accepts k-suhstitutions over Lq. 

Proof. One just checks that, under the assumptions, K does indeed accept ^-substitutions 
over Lq, according to Definition 7.20. □ 

Recall Assumptions 7.10 and Definition 7.15 (iii). 

Definition 7.30. For every n G N and every L-sentence (p, 

let Sn{ip) be an abbreviation for dn{{M G K„ : M \= . 

Theorem 7.31. Let k > 0. Suppose that {Qn : n € N) is uniformly bounded, polynomially 
k-saturated and that K = {Jn^N^^i^n) accepts k-substitutions over Lq. Then: 

(i) For every (k — \)-extension axiom ip ofJC, lim„_^oo = 1. 

(ii) K is polynomially k-saturated. 

Theorem 7.32. Suppose that {Qn : n € N) is uniformly bounded and polynomially k- 
saturated for every k € N. Also assume that K = [JneN^i^n) accepts k-substitutions 
over Lq for every k E N. Then, for every L-sentence ip, either lim„_^oo <^n = or 

lilOn^oo Sniv) = 1- 

For the last theorem of this section we need a definition. 

Definition 7.33. We say that K has the independent amalgamation property if 

the following holds: Whenever A, Bi, B2 are represented, A Qd Bi, for i = 1, 2, and 
Bi D B2 = A, then there is a represented C such that Bi Qcl C for i = 1, 2. 

Theorem 7.34. Suppose that {Qn : n G N) is uniformly bounded and polynomially k- 
saturated for every G N. Assume that, up to isomorphism, there is a unique represented 
structure, with respect to K = \J^^jq'K{Qn) , with dimension (a particular case of this is 
when cl(0) = 0J. Let /c G N 6e minimal such that K does not accept k-substitutions over 
Lq and suppose that A and A' are represented structures ( with respect to K j such that 
A and A' have dimension k, agree on Lq and on closed proper substructures, K accepts 
the substitution [A' > A] over Lq, but does not accept the substitution [,4>^'] over Lq. 
Then at least one of the following holds: 

(i) K does not have the independent amalgamation property. 

(ii) There are P < 1 and extension axioms ip and such that for all sufficiently large 
n, 5n{p> Atp) < p. If k > 1, then lim„_^oo Sn{'P Atp) = 0. 
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Remark 7.35. The proof of Theorem 7.34 shows that if the assumptions of the theorem 
hold and one particular instance of the independent amalgamation property is satisfied, 
then case (ii) holds; more information about this instance of independent amalgamation 
and and is given by the proof. 

The proofs of Theorems 7.31 - 7.34 are given in the next section. 

Example 7.36. (Forbidden weak substructures) We will prove a dichotomy, stated 
by the corollary below, which is analogous to Theorem 3.4, which was proved (using 
Theorem 3.17) in Example 4.1. 

Let G = (^„ : n G N), where all Qn are Lg-structures, be a pregeometry which satisfies 
the assumptions of Theorems 7.31 - 7.34. We also assume that G has the independent 
amalgamation property (in the same sense as in Definition 7.33 if K is replaced by G). 
These assumptions hold for G = G^ as in Example 7.9 where the members of G^ are 
vector spaces over the finite field -F, as well as for projective and affine versions of these 
spaces. Let L^ei be a language with relational vocabulary . . . , i?^}, and let L be 
the language whose vocabulary is the union of the vocabularies of Lq and Lj-e/. Using 
Henson's terminology in [22], we say that an L^erstructure AA is decomposable if there 
are different L^erstructures A and B such that M = AVJ B , A\Ar\ B = B\AnB and 
for every i = 1, . . . , s, {Ri)^ = (Ri)'^ U (Ri)^ ■ Otherwise we call Ai indecomposable. 
Suppose that F is a set of finite indecomposable L,.e/-structures such that if ;S € F 
and A B, then A is not weakly embeddable into B. Let K-n = ^{Qn) be the set of 
L-structures M such that M\Lo = Qn and no G F can be weakly embedded into 
MlLrei, and let K = IJ^^gj^K^. Note that one of the assumptions on F implies that 
every G F is minimal in the sense that if J^' is a proper weak substructure of J^, then 
T' can be weakly embedded into Ai \L^(,i for some G K. Prom the indecomposability 
of the members of F it follows, in essentially the same way as the (straightforward) proofs 
of Lemma 1.1 and Theorem 1.2 (i) in [22], that K has the independent amalgamation 
property. 

Consider the following statement: 

(*) There are G F, a relation symbol Ri and a G {Ri)^ such that rng(a) is a 
proper subset of F. 

Corollary to Theorems 7.31 — 7.34. (i) If (*) holds, then there are /3 < 1 and ex- 
tension axioms (p and tp ofK such that for all sufficiently large n, 6n{<p/\'tp) < P, and if 
|rng(a)| > 1, then lim^^oo (^n(</? A V') = 0. 

(ii) If (*) does not hold, then, for every A; G N, K accepts k -substitutions and is polyno- 
mially k-saturated, for every extension axiom (p o/K, lim„_^oo (5„(<^) = 1, and K has a 
zero-one law with respect to the probability measures (5„. 

Proof. We first prove (ii), so suppose that (*) does not hold. We only need to prove 

that K accepts /c-substitutions for every k, since the other claims then follow from 
Theorems 7.31 and 7.32. Let A and A' be represented structures, with respect to K, 
that agree on Lq and on closed proper substructures, and suppose that .4 C G K. 
Moreover, suppose (for a contradiction) that J\f = Ai[A> A'] is forbidden, so there is 
J' Qw J^\Lrel such that T is isomorphic to some member of F. We may, without loss of 
generality, assume that for any i, if any i?j-relationship is removed from A! , giving A!' , 
then A^[.4>.4"] is represented. Since M is represented, F must contain some element 
from \A'\. Since A! is represenetd, IF is not a weak substructure of A'\Lr(,i, so F must 
also contain some element in \J\f \ — \A!\. As F Af\Lj.ei = M[A>A'] \Lrei and A4 gK., 
there is some i and i?j-relationship a G (Ri)'^' C {Ri)^ such that rng(a) C \F\. But 
then rng(a) is a proper subset of F, which contradicts the assumption that (*) is false 
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(since we can, if necessary, remove some relationships whose range includes elements 
from \T\ — \A!\^ to "uncover" T weakly embedded into M\Lrei)- 

Now we prove (i), so suppose that (*) holds. Let J-" G F and a € (Ri)'^ be such that 
rng(a) is a proper subset of F and such that the removal of the i?j-relationship a produces 
a structure V which is (weakly) embeddable into J\f\Lrei for some G K. Let d = \P\, 
let vi, . . . ,Vdhe a basis of Qa, and let / : P ^ {vi, . . . , Vd} be a bijection. Then let M be 
the L-structure which is obtained by expanding in such a way that f : P A4 \Lrei 
becomes an embedding and if b contains an element not in {vi, . . . ,Vd}, then b is not 
a -Rj-relationship for any j. Then G K. To simplify notation, we may assume that 
F = P = {vi, . . . ,Vd}, so "P C M. Let A = 7W|'cl,vi(a) and let A' be the structure 
obtained from A by adding the i?j-relationsship a, but making no other changes. Then 
the L^e;-reduct of A^[„4>.4'] contains a copy of J^, so it is forbidden, and hence K does 
not accept the substitution [A > A'] over Lq. But K accepts the substitution [A' > A] 
over Lq, because its effect is only to remove a relationship and this can never create a 
forbidden structure. 

As mentioned before the corollary, K has the independent amalgamation property, so 
by Theorem 7.34, there are P < 1 and extension axioms if and -0 of K such that for all 
sufficiently large n, 5n{ip Aip) < (3. Moreover, if |rng(a)| > 1 then, as rng(a) C P and 
P = {vi, . . . , Vd} is a basis of Al, it follows that dim(yl) = dim7n(a) > 1, and hence (by 
Theorem 7.34) lim^^oo ^n{'^ A V) = 0. □ 

Example 7.37. (i-Colourable structures, and strongly /-colourable structures) 

Let F, K„, Ly.f,i and L be as in Example 7.22 (or as in Example 7.23) and let = {M. \ 
Lrei : M G K„} and C = U 

nen Suppose that all relation symbols of L^ei have arity 
at least 2 and let R be one which has minimal arity, which we denote by k. Assume 
that I > k (or / > maximal arity if we consider strongly /-colourable structures). Since 
one can not add arbitrarily many new ^-relationships to a sufficiently large independent 
subset of a structure M. E C without finally getting forbidden structure, i.e. one that 
can not be (strongly) /-coloured, one can show (but we omit the details) that C does 
not accept ^-substitutions over Lp- On the other hand, we can always remove an R- 
relationship from a represented structure without producing a forbidden one. It follows 
that there are represented structures A and A! with dimension k which agree on Lp and 
on closed proper substructures, the substitution [>l'i>^] over Li;' is accepted, but not the 
substitution [.4t>.4'] over Lp. It follows from Theorem 7.34 and since A; > 1 that either C 
does not have the independent amalgamation property or that there arc extension axioms 
and of C such that lim„_j.oo (5„((^ A ■i/') = 0, where 5n is the dimension conditional 
measure on C„. 

If the only symbol of the vocabulary of L^ei which does not belong to the vocabulary 
of Lp is a binary relation symbol R and / = 2, then, by considering a 5-cycle (which 
cannot be 2-coloured), it is easy to see that C does not have the independent amalga- 
mation property, since that would force a 5-cycle into some member of C. It is also 
straightforward to sec, by considering 5-cyclcs and 3-cycles, that if an L^-ez-structure Ai 
satisfies all 3-extension axioms of C, then it is not 2-colourable. In Sections 9-10 we 
will see that, nevertheless, for F = {!}, i.e. the trivial underlying pregeometry, and any 
Lrei as in the beginning of the example, C has a zero-one law for (5„, as well as for the 
uniform probability measure. (The corresponding statement for a finite field F, giving a 
nontrivial underlying pregeometry, remains open.) 

8. Proofs of Theorems 7.31, 7.32 and 7.34 

Remember that Theorems 7.31 - 7.34 take place within the setting of Assumptions 7.3 
and 7.10. Therefore Assumptions 7.3 and 7.10 are active throughout this section. 
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8.1. Proof of Theorem 7.31. We are assuming that G = {Qn : ra G N} is a set of 
Lo-structures and that G is a pregeometry. Let A; > 0. Suppose that {Qn : n £ N) 
is polynomially /c-saturated and that K = |J^gp5jK„, where K„ = K(^„), accepts k- 
substitutions over Lq. This means that there exists a sequence of numbers (A„ : n G N) 
such that Um„^oo \i = oo and a polynomial P{x) such that for every n G N: 

(a) A„ < \Gn\ < P{\n), and 

(b) whenever A and B are represented, A Cd B and dimB(>l) + 1 = dim.js{B) < k, 
then the ,6/^- multiplicity of Qn is at least A„. 

We must prove the following: 

(i) For every {k — l)-extension axiom (p of K, lim„_j.(x, (5„ (</?) = 1. 

(ii) K polynomially A;-saturated. 

Part (i) will be reduced to the problem of proving that the (5„-probability that M. G K„ 
is sufficiently saturated, in the sense of Definition 8.1 below, tends to 1 as n tends to 
infinity. 

Recall, from Definition 7.15 (i), that p is the supremum of the arities of all relation 
symbols that belong to the vocabulary of L, but not to the vocabulary of Lq. Prom 
Assumptions 7.3 and 7.10, Definition 7.12 and Remark 7.13 it follows that whenever 
d, G N and M. G K„f(i, then cl^ coincides with c\g^ which is the same as cIm\Lo since 
M \Lo = Qn. Also, if d > p, then for every M eK, M\d = M. 

In this proof, and the proofs of Theorems 7.32 and 7.34, we often work with K \ d, 
for some d G N, and consider structures which are represented, permitted, or forbidden, 
with respect to K\d. Recall, from Definition 7.15 (iii), that 5„ is an abbreviation for p. 
Essentially, the next definition just repeats point (2) from Definition 7.8 in the case of 
K \d (instead of K) , but it will be convenient to use the terminology defined below. 

Definition 8.1. (i) Let d, m G N and M G Kfd. We say that M. is {m,k)- saturated 
with respect to K \d if the following holds: 

Whenever A and B are represented with respect to K.\d, A Cd B and dimis{A) + 
1 = dimB(i?) < k, then the )B/.4-multiphcity of A4 is at least m. 

(i) Since M\p = M for every G K, we say that G K is {m, k)-saturated with 
respect to K if M is (m, A;)-saturated with respect to K \p. 

Definition 8.2. For r G N we inductively we define functions cr'' : N ^ N. Let (7°(x) = x 
for all xeN. Let a''+'^{x) = [^/a^j for all xeN. 

Note that for every r G N, lim^^oo cr^{n) = oo. By assumption, lim„_^oo -^n = oo, so for 
every r G N, lim„_i.oo o'^i^n) = oo; this will be used later. 

Let (f he a {k — l)-extension axiom. In order to prove (i) we need to show that 

(1) lim 6n{{MeKn:M\=^}) =1. 

n—>oo 

By assumption, (p is the ,B/.4,-extension axiom for some A C B Q M such that A4 is 
represented with respect to K = Kfp, both A and B are closed in M and dime(i?) < k; 
in particular dime(A) < dimg(i3). Then, letting I = dim]s{B) — dimB(A), there are 
closed substructures Bq, . . . ,Bi of 7W such that A = Bq C Bi C ... (Z Bi = B and 
dimg(i?j) + 1 = dimis{Bi-^-i) for i = 0, . . . ,1 — 1. By Assumption 7.10 (4), every Bi is 
represented. As noted above, lim„_j.oo a^{Xn) = oo. We now show that if J\f is represented 
with respect to K and (cr'^(A„), A;)-saturated, then J\f \= tp. Suppose that J\f has these 
properties. It follows (from Definition 8.1) that, for every i = 0, — 1, the Bi-^-i/Bi- 
multiplicity of J\f is at least a"^(An) where <7*^(A„) > 1 for all large enough n. So if ^Sg = ^ 
and B'q Cci J\f, then there are B'^ C^i Af such that B'^ ^ Bi and Bl_^ C B'^ for i = 1, . . . ,1. 
In particular, Bq C B[ = B and since Bq was an arbitrary closed copy of ,4 in A/" it follows 
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that satisfies the B/^-extension axiom, i.e. H \= ^. Thus we have shown that in 
order to prove (1) it is sufficient to show that 

(2) lim dn{{M £ K„ : 7W is (a^(An), fc)-saturated with respect to K}) = 1. 
For n G N, let 

Xn = {M G K„ : M is (c7*^(An), fe)-saturated with respect to K}, 
and for n, r G N let 
Xn,r = G K„|"r : M. is (cj'^(A„), A;)-saturatcd with respect to Kfr}. 
By Lemma 8.3 below, in order to prove (2) it is sufficient to prove that 

(3) lim Pn,fe(X„,fe) = 1, 

n->oo 

Lemma 8.3. For every n G N, (5„(X„) = Pn,p(X„) = ^n,k{^n,k)- 
For the proof of Lemma 8.3 we need the following: 

Lemma 8.4. Let ? G N. For every G K, is {i,k) -saturated with respect to K if 
and only if M\k is {i,k) -saturated with respect to K.\k. 

Proof Observe that for every M. eK. and every AC M with dim^ (A) < k the following 
holds: for any relation symbol R, of arity r, say, and every b G A^, 

In other words, M and A4 \k agree on all subsets A of dimension at most k. It follows, in 
particular, that for every L-structure A such that A\Lo G G and A\Lq has dimension at 
most k, Ais represented with respect to K if and only if A is represented with respect to 
K |~A;. The lemma is now an immediate consequence of the definition of {i, A;)-saturation. 
□ 

Proof of Lemma 8.3. Recall that p is the supremum of the arities of relation symbols 
which belong to the vocabulary of L but not to the vocabulary of Lq. First suppose that 
p < k. Let 

Y„ = {A/" G Kn\k : M QwAf for some M G X„}. 

By Lemma 6.5, Pn,p(X„) = P„^fc(Y„). But p < k implies that, for every 7W G K, 
M\k = M\p = M. Hence, X„,fe = X„ = Y„, so 5n(X„) = Pn,p(X„) = P„,jt(X„,fe). 
Now suppose that k < p. Prom Lemma 8.4 it follows that 

Xn = {AT G K„ tp : AT for some M G X„_jt} 

By Lemma 6.5, Pn,fc(X„,jt) = P„,^(X„) = (5„(X„). □ 

Thus, it remains to prove (3), i.e. that lim„_).oo Pn,fc(X„,fe) = 1- This will be done by 
proving, by induction on r, that for every r = 0, . . . , fc, lim„_>.oo Pn,r(Xn,r) = 1- In 
Definition 3.11 the notion of a substitution A/[[^l>^] of A for B inside A4 was defined. 
There it was assumed that the vocabulary of L is relational. However, eventual function 
or constant symbols in the vocabulary of L already belong to the vocabulary of Lq C L, 
and, in what follows, we only consider substitutions when A and B agree on Lq and 
on proper closed substructures (in the sense of Terminology 7.19). So in this context, 
substitutions A4[^l>S], according to Definition 3.11, make sense; and we will use them. 

Lemma 8.5. Let < r < k, M & K„fr + 1 and suppose that A C^ M and dim^(^) = 
r + 1. Also assume that B is a represented structure with respect to K.\r + 1 such that B 
and A agree on Lq and on closed proper substructures. Then M.[A>B\ G K„ + 1. 
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Proof. Let r, Ai, A and B satisfy the assumptions of the lemma, so in particular 
A\Lo = B\Lo. Note that since A and B have dimension r + 1 it follows that A,B eK., 
because for every C € K with dimension at most r + 1 we have C\r + 1 = C. By 
assumption, A and B agree on Lq and on closed proper substructures. The assumption 
that K accepts fc-substitutions over Lq implies that there exists J\f € K„ such that 
J\f\Lo = M\Lq, J\f\B = B and for every U C^,/ M such that dimj^(U) < r + 1 and 
U ^ B, we have J\f\U = M \U. In particular, Af\U = Ai\U for every U with dimension 
at most r. 

Since M\r + 1 e Kn\r + lit suffices to show that M[A> B] = J\f\r + 1. For this it is 
enough to show that for every closed substructure C M[A> B] with dimension r + 1, 

(*) Af\C = C. 

Suppose that C Cd M[At> B]. li C = B then, by the choice of M, we have M\C = N\ 
B = B. UC ^ B then, by the choice of M, we have M\C = M\C = C, where the last 
identity follows because Ai = ^4\r + 1 and C has dimension r + 1; thus (*) also holds in 
case when C ^ B. □ 

Lemma 8.6. Let < r < k, M E K^fr + 1 and suppose that A -M. and r < 

dim_A4(^) < k. Also assume that B is a represented structure with respect to Kfr + 1 
such that B\Lq = A\Lq and for every closed U C. A = B with dimension r, A\U = B\U. 
ThenM[A>B] G K^fr + l. 

Proof. Let r, A4, A and B satisfy the assumptions of the lemma. By definition of 
K|~r + 1, for every A/" G Kfr + 1 and every relation symbol R which does not belong to 
the vocabulary of Lq, there is no i?- relationship o G with dimension greater than r+1. 
Consequently, the structure [v4 > S] can be created by a finite number of substitutions 
of the kind considered in Lemma 8.5. More precisely: There are Mq, ■ ■ ■ ,Ms G K„ \r + 1 
and Co, ... , C2s which dimension r + 1 such that 

M=N'o, M[A>B] =Afs, 

A/i+i = N'i[C2i > C2i+i], for z = 1, . . . , s, and 

C2i and C2j+i agree on Lq and on closed proper substructures. 

By Lemma 8.5, jVj G K„ \r + 1, for z = 0, . . . , s, so we are done. □ 

Lemma 8.7. IfO<r<k then for every M G K^fr there is M' G K^fr + 1 such that 
M'\r = M. 

Proof. If >1 G K„tr then M = N\r for some M G K„. Take M' = N\r + 1. Then 
M' el<in\r + ls.ndM'\r=N\r = M. □ 

Lemma 8.8. For every n and every M. G K^fO, Ad is {Xn,k) -saturated. 

Proof. First observe that from Definition 7.12 it follows that whenever M is permitted 
(or, equivalently, in the present context, represented) with respect to KfO, then M. 
is an expansion of M \Lq (= Qn for some n) obtained by possibly adding some new 
relationship (s) involving only elements in cl;\4(0); and whenever A Qc\ -M. then clx(0) C 
A 

Let M G KnfO and let A Qd B be permitted structures with respect to KfO such 
that dime(yl) + 1 = dimQ{B) < k. Suppose that A' Qd is a copy of A and that 
T : A' A is an isomorphism. We must show that there are B'^ C.d Ai and isomorphisms 
Tj : fi, for z = 1, . . . , A„, such that A' Qd S'^, n \A' = r and n B'j = A' whenever 
i ^ j- As noted in the beginning of the proof, every relationship of B (or of Ai) which 
involves some element (s) from B — A (or from M — A') is an i2-relationship for some 
relation symbol Rof Lq. Observe that t : A' ^ A can also be viewed as an isomorphism 
from A'\Lo to A\Lo. By (b) in the beginning of the proof of Theorem 7.31, there are 
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I3i Qci M\Lo = Qn and isomorphisms Ti : Bi ^ B\Lq^ for i = l,...,An, such that 
■^'\Lo Bi, Ti\A' = T and Bi n Bj = A' whenever i / j. For i = 1, . . . , A„, let 
S'i ^cl be such that B'JLq = Bi. Then A' ^cl B'i for each i, and since, as observed 
above, every relationship which involves some element(s) from M — A', or from B — A, 
is an ii- relationship for some relation symbol R of Lq, it follows that every is in fact 
an isomorphism from to B. □ 

Lemma 8.9. Suppose that < r < k. For every real e > there is such that if 

n > ris, M G K„|~r is (^a^{Xn),k) -saturated and 

Er+i{M) = {M eKn\r + l:Af\r = M}, 

then the proportion of M G Er+i(Al) which are [a^^^{Xn), k) -saturated is at least 1 — e. 

Proof. Let < r < A;. We are assuming that {Qn : n G N} is a uniformly bounded 
pregeometry. Hence there is a G N such that if A is permitted with respect to K + 1 
and has dimension at most A:, then |^| < a. Suppose that M G K„fr is (cr^(A„), /c)- 
saturatcd and let Er+i(A^) = {N G K.„fr + 1 : M\r = JvC\ . We start by proving that, 
with the uniform probability measure on Er_|_i(A^), the probability that a randomly 
chosen M G Er+i(A^) is (cr''+-'^(A„), A;) -saturated approaches 1 as n tends to oo. We do 
this by finding an upper bound (depending on n) for the probability that a randomly 
chosen M G Er+i(A^) is not (a'' "'"^(A^), A;) -saturated; and then observe that this upper 
bound approaches as n tends to infinity. Finally we note that the argument does not 
depend on which (cr^ (An), A;) -saturated M. G K„|~r we consider; so given e > there is 
Ue which such that for every n > and every (cr'' (A^), A;) -saturated M G K„|~r, the 
proportion of A/" G Er+i(A1) which are not ((j'""'"^(A„), A;) -saturated is at most e. 

Let J\f G Fir+i{M.) and let A del B be represented structures with respect to Kfr -|- 1 
such that dime(j4) -|- 1 = dims{B) < k. Suppose that C^^ is a copy of A and 
that r : ^ ^ is an isomorphism. Let Z„ = [\/o"'"(A„)J = a^^^{Xn). First we find an 
upper bound for the probability that there does not exist Bi Qcl and isomorphisms 
Ti : Bi ^ B, for i = 1, . . . , In, such that A' Qcl ^i, \-^' = t, and Bi n Bj = A' whenever 
i + j- 

Let = a''{X n). Since M is ((T^(A„), fc)-saturated there are B^ ^Vl, i — 1, . . . , 
and isomorphisms : B^ —^B\r, such that A'\r C.^ B^ , Ti\A' = r and B^ n B^ = A' 
whenever i ^ j. Let fi be the number of represented structures with respect Kfr -|- 1 
with universe included in {1, . . . , a}. Lemma 8.6 implies that the probability that the 
map Tj : B^ B is an isomorphism from N\B^ to B is at least independently 
of whether this holds for j i. Let s be a natural number such that < s < The 
probability that for every i G {sin + i, ■ ■ ■ ,{s-\- l)/n}) Ti '■ B~ B is not an isomorphism 
from M\B~ to B is at most 

(1-1//3)'". 

Let rUn = \Gn\ = By (a) A^ < rUn < P{Xn) for all n G N, where P is a polynomial. 
Since, by assumption, lim„_>.oo A„ = oo, we have lim„_^oo fnn = oo- From the definition 
of In as In = a^^^{Xn) and the definition of a^^^ it follows that there is a polynomial Q 
such that rrin < Q{ln)- The number of ways in which we can choose A, B, A' and s as 
above is not larger than 

■ (mnr -In < • (QilnT ' 

Moreover, for every choice of such A, B, A' and s, there exist, for i = 1, . . . , B~ C^.; Jli 
and isomorphisms Tj : B^ — )• B, with the properties described above. So if M is not 
((t''+^(A„), A;) -saturated, then there exist A, B, A', B^, Ti, for i = 1,...,Z^, and s as 
above such that for every i G {sin -|- 1, . . . , (s -|- i)ln}, Ti is not an isomorphism from 
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J^\B- to B. Hence, the probability that a randomly chosen M G Er+i{M.) is not 
(c7''"'"^(An), /c)-saturated does noi exceed 



Since A„ — > oo as n — J- oo we also have /„ — t- oo as n — >■ oo. Because • {Q{ln))" • is a 
polynomial in In it follows that — > as n — ^ oo. 

Observe that the same expression for works for every (cr'' (A„), A;) -saturated M. G 
K.n\r. So for every s > there is such that for every n > and every ((t''(A„), k)- 
saturated M G K„ \r, the proportion of G Ej.+i{M.) which are ((7^+^ (A„), A;) -saturated 
is at least 1 — £. □ 

Recall that, for r = 0, 1, . . . , A;, 



Xn,r = {M G Kn\r : M is ((T''(An), A;)-saturated}. 



Prom Lemma 8.9 we can easily derive the following: 

Lemma 8.10. For every r = 0, 1, . . . , A; — 1 and all sufficiently large n (take < e < 1/2, 
Us and n > so that the conclusion of Lemma 8. 9 holds ), 



Xn,r C{A/'rr:ArGXn,,+i}. 

Proof. Suppose that Ad G X„^,., so M. is ((t''(A„), A;) -saturated. By Lemma 8.9, for all 
sufficiently large n, Er+i(7W) will contain a stucture M which is (a^'^^{\n), fc) -saturated; 
hence N G X^^^+i and M\r = M. □ 

Now we can finish the proof of part (i) of Theorem 7.31 by proving (3), in other words, 
that lim„^ooPn,A;(X„,fc) = 1- Let e > 0. Choose e' > so that (1 — e')^ > 1 — e. 

By Lemma 8.9, wc can choose n^/ such that if < r < A:, n > n^/ and A4 G K„ \r is 
(cj''(A„), A;) -saturated, then the proportion of A/" G 'Eir+i{M) which are (cj''^"'^(An), A;)- 
saturated is at least 1 — e'. By induction we show that, for r = 0, 1, . . . , A: and n > n^/, 



Fn,r(X„,,) > (1 - e'Y > 1 - £. 



The base case r = is given by Lemma 8.8, so assume that < r < A; and that 
P„,r-i(X„,r-i) > (1 — e'Y~^. Let Ml, . . . , A^s be an enumeration, without repetition, 
of X„,.- Then let M'-^, . . . be an enumeration, without repetition, of the set {M.i \ 
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r — 1, . . . , Ms \f — !}• By the definition of Fn,rj tlie following holds for every n > n^r. 



s 



V(Xn,r) = Fn,r ({All, ■ ■ ■ , Ms}) = ^ ^nA^i) 

i=l 

^ 1 

^ U \{^f€Kn\r■.^^\r-l = M^\r~l}\ ' ^^'^'^^^^ ' 

- ^ |{7V- G KJr : TVrr - 1 = Al^l ^"''-^^-^^^ 
_' \{AfeXr,,r:M\r-l = M'^\ 



i=l 



> (1 - £') ^ P„,r_i(A< •) (by the choice of ra^O 

j=i 

= (l-£')Pn,.-l({M,---,M}) 

> (1 - s')¥n,r-i{y^n,r-i) (by Lemma 8.10) 

> (1 - e'){l - e'y-'^ = (1 - e')'' (by the induction hypothesis). 

Thus (3) is proved, and hence also part (i) of Theorem 7.31. 

Now wc prove part (ii) of Theorem 7.31. Note that we have proved (2) above, because 

(3) together with Lemma 8.3 implies (2). By (2), there are, for all n € N, Mn € K„ 
such that Mn is (cr'^ (A„), /c)-saturated. Let Hn = CF^{\n), so Mn is (^n, A;)-saturated, 
where lim„^oo /^n = oo. Prom (a) and the definition of it follows that there is a 
polynomial Q such that ^„ < \Mn\ < Qil^n) for all n. Since Mn is (^n, fc)-saturated, 
the following holds: If A Cd B are represented structures such that dimg(i?) < k, then 
the 5/^- multiplicity of Mn is at least Prom Assumption 7.10 (4), it follows that 
the sequence {Mn : n G N) is polynomially A;-saturated; and hence K is polynomially 
fc-saturated. This concludes the proof of part (ii), and hence of Theorem 7.31. 

8.2. Proof of Theorem 7.32. Wc still assume that, for every > 0, {Qn : n E N) 
is polynomially fe-saturated and K = (J^gj^K^, where K„ = K(^„) , accepts k- 
substitutions over Lq. We want to prove that for every L-sentence (p, either lim„_5.oo <^n(¥') = 
or Ivccin^oo ^n{'i^) = 1- Tlic general idea of the proof follows a well-known pattern: we 
collect into a theory Tk all extension axioms of K together with sentences which ex- 
press the pregeometry conditions and describe the possible isomorphism types of closed 
substructures of members of K. By part (i) of Theorem 7.31, Tk is consistent. Then 
we show that Tk is complete by showing that it is countably categorical. From the 
completeness, it follows that for every L-sentence (p, either Tk |= <^ or Tk |= In the 
first case there is finite A C Tk such that A \= (p and in the second case there is finite 
A' C Tk such that A' |= -k^. In the first case part (i) of Theorem 7.31 implies that 

lim 6n{{M eKn:M^A}) = l, 

n^oo 

and therefore liuin^oo ^ni'P) = 1- In the second case we get, in a similar way, that 
limn^-oo Snh^p) = 1, so lim„_^oo Sni^p) = 0. 

Now to the details. We are assuming that G = {Qn '■ n £ N} is a pregeometry where 
the closure operator of every member of G is defined by the Tg-formulas On{xi, • • • , Xn-{-i)j 
n G N, according to Definition 7.1 and Assumption 7.10. In other words, for all m,n 
and all ai, . . . , a„+i C Gm, 

(4) Qn+i G clg;^ (ai, . . . , a„) if and only if \= 0{ai, a„+i). 
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Also (by Assumption 7.10), for every m and every Ai G = K.{Qm), cIm coincides with 
clg^. Moreover, the pregeometry G is assumed to be uniformly locally finite, so there 
is u : N ^ N such that for every M eK and every X C M, |cl>i(X)[ < ii(dim^(X)). 
We may also assume that for every A; € N the value u{k) is minimal so that this holds. 

By the finiteness property, for a pregeometry (A, cl), we mean the property that for 
all a G ^ and X C A, a e c\{X) if and only if a G cl(y) for some finite Y C X. Besides 
the finiteness property, all other properties of a pregeometry can, when (4) holds, be 
expressed for finite subsets of A by using the formulas 9n{xi, . . . , Xn+i), n G N. Let Tpreg 
be the set of sentences which express all properties of a pregeometry (for finite subsets) 
except the finiteness property. Then every G K is a model of Tpreg- 

Note that, for every G K and all ai, . . . , a„ G M, the statement "{ai, . . . , a„} is a 
closed set (in A4)" is uniformly expressed by the first-order formula 

n 

-^3xn+i(^/\xn+i^ Xi A 6'„(xi,...,a;„+i)^, 

i=l 

which we denote by 7n(aJi, • • • , Xn)- For every positive m G N, let s{m) be the the number 
of nonisomorphic structures of cardinality at most m which occur as closed substructures 
of members of K, and let Mm.i , ■ ■ ■ , ■Mm,s(m) be an enumeration of all isomorphism types 
of such structures. For 1 < i < s(m), let Xm,i{xi, . . . , Xm) describe the isomorphism type 
of Airn,i in such a way that we require that all variables xi, . . . , Xm actually occur in Xm,i- 
It means that if ||7Wm,i|| < 'tIj then Xm,i{xi, ■ ■ ■ ,Xm) must express that some variables 
refer to the same element, by saying 'x^ = xi for some k ^ I. For every A; G N let ■0^ 
denote the sentence 

siu{k)) 

yXi,...,Xk^Xk+l,...,Xu(k)i7u{k){xi,---,Xu(k)) V V 

Xu{k),i (■^7r(l) J • • • 1 ^7r(w(fe)) ) ) ) 

i=l IT 

where the second disjunction ranges over all permutations vr of {1, . . . ,u(k)}. If A; = 
and u(k) > 0, then the universal quantifiers do not occur so V'o is an existential formula. 
If u(0) = 0, then, by convention, is Va;(x = x). If u{k) = k, then the existential 
quantifiers do not occur and tp^ is a universal formula. Note that for every /c G N and 
every Ai & K., M. \= ip^- Let Tiso = {ipk : A; G N} so every G K is a model of Tiso- 
Finally, let T^^t consist (exactly) of all extension axioms of K and let 

— Tpj-eg U Tigo U Text- 

By Theorem 7.31 and compactness, Tk is consistent. Note that every model of Tk is 
infinite, because we assume that {Qn : n G N) is polynomially A:-saturated (for every 
A; > 0), which implies that for some sequence (A„ : n G N) which tends to infinity as 
n — 7- oo, Qn contains at least A„ different elements. 

Lemma 8.11. Suppose that M \= Tk and define c1_a4 as follows: 

(a) for all n E N and all ai, . . . ,an+i G M, On+i G cl;v((ai, . . . , a^) <^=^ \= 

^n(aij ■ ■ ■ ,0,n+l)- 

(b) for all X C M and all a G M, a G cIm{X) for some finite Y C X, 
a G dMiY)- 

Then (M, cl_yvi) is a pregeometry such that for every finite X C M, \cl_\4{X)\ < u{diin_M{X)). 

Proof. Suppose that Ai \= Tk- Since Tpj-eg C Tk, it follows from part (a) that cl^vi 
satisfies all properties of a pregeometry on finite subsets of M. But (b) guarantees that 
cl_vi has the finiteness property, and then all other properties follow for all subsets of 
M. So (Af, cl>i) is a pregeometry. Since Tiso C Tk it follows that, for every X C M, 
\dMiX)\<uidimMiX))- □ 
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To complete the proof of Theorem 7.32 we only need to prove: 
Lemma 8.12. Tk is countably categorical and hence complete. 

Proof. Let A4 and Af be countable models of Tk- We show that Ai = Af, by a back- 
and-forth argument. By symmetry it is sufficient to show the following: 

Suppose that ^ is a closed finite substructure of A4 (or ^ = 0) , that ;B is a closed 
finite substructure of Af {or B = $), that f : B is an isomorphism (if A and 
B are nonempty) and that a G M — A. Then there are a closed B' C. M such 
that B C B' and an isomorphism g : clj^iA U {a}) — t- B' which extends /. 

So suppose that ,4 is a closed finite substructure of Ai, that B is a closed finite substruc- 
ture of Af, that / : .4 — )■ 5 is an isomorphism and that a e M—A. Since A4 \= Tk D Tj^o, 
A, B and cIm{^ U {o^}) isomorphic with closed substructures of members of K. 
Since Af \= T D T^xt, it follows that Af satisfies the cI_m(A U {a})/^-extension ax- 
iom, and as ;S = .4. there is a closed B' C Af such that B C B' and an isomorphism 
g : clx(^U{a}) — )■ B' which extends /. Recall the convention that for every structure V 
which is isomorphic with a closed substructure of a member of K, the statement "there 
exists a closed copy of V" is an extension axiom, called the ■p/0-extension axiom; this 
takes care of the case A = B = ^. □ 

8.3. Proof of Theorem 7.34. Let G = {Qn : n € N} be a set of Lo-structures which 
form a uniformly bounded pregcometry, and suppose that (Qn : n G N) is polynomially k- 
saturated for every /c G N. Assume that there is, up to isomorphism, a unique represented 
structure with dimension 0; hence K accepts 0-substitutions over Lq. Suppose that k is 
minimal such that K does not accept /c-substitutions over Lq; hence fc > and K accepts 
{k — l)-substitutions over Lq. Moreover assume that there are represented structures, 
with respect to K, ^ and A' such that 

• A and A' have dimension k, 

• A and A' agree on Lq and on closed proper substructures, 

• K accepts the substitution [^'>^] over Lq, but 

• K does not accept the substitution [yl>^'] over Lq. 

Let p be the supremum of the arities of all relation symbols which belong to the vocab- 
ulary of L but not to the vocabulary of Lq. By Remark 7.21, < < p. 

In order to prove Theorem 7.34, we assume that K has the independent amalgamation 
property and show that there are extension axioms (p and ^p such that lim„_^oo ^ni^^"^) = 
0. We start with the following, which is straightforward to verify: 

Observation 8.13. For every L-structure A4 and d E'N, A4 is represented with respect 
to K \d if and only if there is AA' such that AA' is represented with respect to K and 
A4 = A4'\d. 

Note that the notion of 'acceptance of /-substitutions over Lq', which was defined for 
K, can equally well be defined for Kfr for any r; the only difference is that the notion 
'represented' is in this case with respect to Kfr. By assumption, K accepts (k — 1)- 
substitutions over Lq. From Observation 8.13 it follows that K|"(/c — 1) accepts (k — 1)- 
substitutions over Lq. Note that for every A4 G Kffe — 1 and every relation symbol 
R in the vocabulary of L but not in the vocabulary of Lq, AA does not have any R- 
rclationship with dimension greater than k — 1. From this and the assumption that K 
accepts (k — l)-substitutions over Lq it follows that 

(5) Kf(fe — 1) accepts /-substitutions over Lq for every I G N. 

By assumption, K accepts the substitution [,4'>^], and by Observation 8.13 it follows 
that K |~A; accepts the substitution [A' > A] . 
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Since A and A' agree on Lq it makes sense to speak about the substitution M [v4i>v4'] if 
A ^ci -M., or A^[^'i>^] if A' C^i M, as was explained in the paragraph before Lemma 8.5. 
Since A and A' have dimension k and K accepts the substitution [A' > A] over Lq, it 
follows that if Ai is represented with respect to 'K\k, and A' then \> A] is 

represented with respect to K.\k. In other words, K.\k admits the substitution [A' > A]. 
By assumption, K does not accept the substitution [A > A'] . Therefore we can argue 
similarly as we just did for the substitution [^l>^'] to conclude that there is V such that 
V is represented with respect to Kf/c, A Cd V and P[v4i>v4'] is forbidden with respect 
to K\k. 

Since the core of the argument (the proof of Lemma 8.16 below) is an adaptation of 
the proof of Theorem 3.17 to the present context, we introduce the same notation as 
in Section 5. We rename A and A' with Sp and Sj^, so in particular Sp and Sjr have 
dimension k. As concluded above, K.\k admits the substitution [Sj^>S-p], in the sense 
that whenever A4 is represented with respect to Kffc, then AilSj^^S-p] is represented 
with respect to Kf/c. Moreover, there is V such that V is represented with respect to 
Kf/c, Sp Qd V and = V[Sj> \>Sj^] is forbidden with respect to K|~fe. This implies that 
the dimension of V is strictly larger than the dimension of Sp which is k. 

By Observation 8.13, there is V which is represented with respect to K and such 
that V\k = V. Wc are assuming that K has the independent amalgamation property. 
Hence, there are a represented C, with respect to K, and embeddings Tj : P — > C, for 
z = 1,2, such that rifliS-p] = r2t|«S-p| and \Sp\ = rid^l) fl r2(|'P|); so in particular 
Sp Cd C. By replacing C with the closure of ti(|P|) U r2(|P|) in C, wc may assume that 
dimc(|C|) = 2dimp(\r\) - dims^d^p]) = 2dimp{\V\) - k. Let c = dimc(|C|). Since 
dimp(|P|) > /c > (as noted above), we have c > dimp(l'Pl) > A; > 0, so c > 3. 

If = 1 then let U be the unique closed proper substructure of Sjr with dimension 
0. If > 1 then let U be any closed proper substructure of Sjr with dimension 1. In 
both cases U is represented with respect to K, with respect to K \k, and with respect to 
K\k-1. 

Let (p denote the (Sj-/ZY-extension axiom and let ip denote the C/iSp-extension axiom. 
We prove that linin^^ 6n{(p Ai/j) = 0. Let C = C\k, so C is represented with respect 
to K.\k, and note that since the dimension of Sp and of Sjr is k and U Cd Sjr we 
have U\k = U, Sp\k = Sp and Sj-\k = Sj^. The next lemma shows that instead of 
working with K, (p and tp we can work with KfA;, the <Sj-/W-extension axiom and the 
C'/tSp-extension axiom. 

Lemma 8.14. Let p be the probability, with the measure Sn, that a structure in K„ 
satisfies both the Sj^/U -extension axiom ( — p) and the C/Sp- extension axiom ( = ip). 
Let q be the probability, with the measure ^n,k! that a, structure in K^j \k satisfies both the 
Sj^/U -extension axiom and the C /Sp- extension axiom. Then p < q. 

Proof. Recall that k < p. By the definitions of P„^fe and Sn, for every M. G K„fA;, 

P„,fc(A^) = Sn{{M € K„ : M\k = M}). 

As mentioned above, Sp\k = Sp and Sj^\k = Sj^. So whenever Af G K„ satisfies the 
Sjr /U-extension axiom, then M\k satisfies the 5j-/Z//-extension axiom. And whenever 
M G K„ satisfies the C/<S-p-extension axiom, then M\k satisfies the C'/»S-p-extension ax- 
iom. Therefore p cannot exceed q. □ 

By Lemma 8.14 it suffices to prove that 

(6) there is /? < 1 such that for all sufficiently large n the probability, with the mea- 
sure Pn,fe; that a structure in K.n\k satisfies both the <Sj-/W-extension axiom and 
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the C'/(S-p-extension axiom does not exceed /?; and if > 1, then this probabihty 
tends to as n ^ oo. 

The claim (6) follows from the next two lemmas and the definition of the measures ^n,r, 
r G N. Remember that c is the dimension of C (and of C). 

Lemma 8.15. The probability, with the measure Pn,fc-i; that a structure in K„|~A; — 1 is 
(a'^{Xn),c) -saturated, with respect to K.\k — 1, tends to 1 as n ^ oo. 

Lemma 8.16. Let a be the number of represented structures with universe \Sj^\. Suppose 
that M € K„fA; — 1 is (cr'^(A„), c)-saturated with respect to K [A; — 1 and let 

^k{M) = {AA G Kf/c : M\k -l = M}. 

(i) The proportion of structures in E/;(A^) which satisfy both the Sj^ /U- extension axiom 
and the C /S-p- extension axiom never exceeds 1 — 1/(1 + a). 

(a) If k > 1 then the proportion of structures in Efc(A^) which satisfy both the Sj^/U- 
extension axiom and the C /S-p -extension axiom never exceeds a \\Sj^\\ /a'^{Xn)- Note that 
this expression does not depend on M. and approaches as n oo. 

Proof of Lemma 8.15 Note that when saying that Kf/c — 1 accepts r-substitutions over 
Lq we only consider substitutions of the form [A > .4'] where A and A! are represented 
with respect to Kf/c — 1. 

Let = K„fA; — 1 and K' = K|"/c — 1. Let q be the uniform measure on K^fO 
(= K„tO) and for positive r G N, let P^_^ be the (K^O, . . . , - l)-conditional 

measure on \r. Observe that we have the following: 

For r < A; — 1, K.'^ \r = K„ \r and P^ coincides with P„^r 

For r > A; - 1, tr = = K„ tA; - 1 and P^^^ coincides with ^'n,k-i 

As c > A; — 1, we in particular have 

K;rc = K; = KJA;-l 

and P[j c coincides with P^ which in turn coincides with P„^fe_i. 

So and P„^fc_i are the same measure on K'Jc = K„|~A — 1. Thus, in order to 
prove Lemma 8.15 it suffices to show that the probability, with the measure P^c; that a 
structure in K^fc is (a"'^(A„), c)-saturated, with respect to K'fc, tends to 1 as — ^ oo. 
If, for n, r G N, we let 

^n,r = {-^ G K^jfr : is (cr^(An), c)-saturated}, 
then the claim of Lemma 8.15 is that 
(7) lim K,c{K,c) = 1- 

By assumption, (C?„ : n G N) is polynomially c-saturated, and, as mentioned in the be- 
ginning of the proof, K' (= K|~A; — 1) accepts r-substitutions over Lq for every r G N, 
so in particular for r = c. In other words, K' satisfies the same assumptions, with re- 
spect to {Gn ■ n E N) and Lq, as K did in the proof of Theorem 7.31, and (, is the 
(K^ fO, . . . , Kjj \r — l)-conditional measure on K.'^ \r, where K'^ \0 = K„ |"0. Therefore, 
the statement of (7) (and its underlying assumptions) is the same as the statement of (3) 
(and its underlying assumptions) if we replace K, P„,fe and ^n,k by K', P^ ^ and X^j 
respectively. Hence, (7) is proved in exactly the same way as (3), by just replacing K, 
Fn^r and X^^^ with K', P^ ,, and X(j^, respectively, for n,r G N. □ 

Proof of Lemma 8.16. Suppose that M. G K„ ["fe — 1 is (a"'^(A„), c)-saturated, with respect 
to Kf^ — 1, and let 

Efe(M) = (AT G KfA; : M\k - 1 = M). 
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Let a be the number of represented structures, with respect to K.\k, with universe \Sp\. 
It suffices to show that the proportion of structures in Efc(7W) which satisfy both the 
<Sjr/W-extension axiom and the C'/<S-p-extension axiom does not exceed 1 — 1/(1 + a); 
and if /c > 1 then this proportion approaches as n — > oo. We will consider the cases 
k = and A: > one by one. 

First assume that k = 1. Then, by the choice of U, U has dimension and is repre- 
sented, since it is a closed substructvnc of a represented structure. By assumption there 
is a unique, up to isomorphism, represented structure of dimension 0. Hence, every rep- 
resented structure (with respect to K, K|"A; or KfA; — 1) contains a copy oiU. Therefore 
every € K|~/c which satisfies the 5^/Z^-extcnsion axiom contains a copy of Sj^. Note 
that if G Kffc satisfies the C'/iSp-cxtension axiom, then the 'P/cS-p-muItipUcity of J\f is 
at least 2. Now we can argue as in Section 5. More precisely, the proofs of Lemmas 5.2, 
5.4 and 5.6 as well as the proof of part (i) of Theorem 3.17 carry over to the present 
context if we have the following in mind: The structures S-p, Sj^, V and T play the same 
roles in the present context as in Section 5; in the present context 'closed substructures' 
play the role of 'substructures' in Section 5; dimension plays the role here that cardinality 
had in that section; and Ejfc(A^) plays the role here that 'K„' had in that section. In 
this way we can conclude that the proportion of A/" G E^.(A^) which contain a copy of 
<S^ and satisfy the C'/«5p-extension axiom never exceeds 1 — 1/(1 -|- a). 

Now suppose that A; > 1. Again, the reasoning from Section 5 carries over to the 
present context. Since we assume k > 1, U has dimension 1 and U del Sj^. As noted 
earlier, c > k > 1. Since A4 is ((7^(A„), c)-saturatcd, with respect to Kf/c — 1, AA 
contains at least a'^{\n) distinct copies of ^. Since A4 and every A/" G Efe(A4) agree on all 
substructures of dimension at most — 1 > 1, it follows that every M G Ejfc(A^) contains 
at least (t'^(A„) distinct copies oilA. Suppose that M G Efc(A/[) satisfies both the Sj^/U- 
extension axiom and the C/<5p-extension axiom. First we notice that the satisfaction 
of the 5j-/Z//-extension axiom implies that A/" contains at least cr'^(A„)/ distinct 
copies of Sjr (the copies may partially overlap, but this poses no problem). Secondly, the 
satisfaction of the C'/<Sp-extension axiom implies that the T'/.Sp -multiplicity of N is at 
least 2. 

As in the previous case (when A; = 1) the proofs of lemmas 5.2, 5.4 and 5.6 carry 
over - with the already mentioned provisos - to this context. But we are now able 
to continue the argument similarly as in the proof of part (iii) of Theorem 3.17. The 
number (t'^(A„) plays the same role here as the number 'm,i' did in the proof of part (iii) of 
Theorem 3.17. In a similar way as in that proof we can now derive that 'a ||<Sj'I| /o'^(A„)' 
(instead of 'ka/nin as in the proof of part (iii) of Theorem 3.17) is an upper bound for 
the proportion of A^ G Efc(A4) such that A/" satisfies the 5^/W-extension axiom and the 
P/5-p-multiplicity of Af is at least 2. □ 

9. Random /-colourable structures 

In this section and the next we consider Z-colourable, as well as strongly /-colourable, 
relational structures and zero-one laws for these, with the uniform probability measure 
and with a measure which is derived from the dimension conditional measure with trivial 
underlying pregeometry. In all cases we have a zero-one law, and we get the same almost 
sure theory whether we work with the uniform probability measure or with the probability 
measure derived from the dimension conditional measure. (The notions 'zero-one law' 
and 'almost sure theory' are explained in Section 2.4.) In the case when one considers the 
probability measure derived from the dimension conditional measure the proof only uses 
methods of formal logic, while in the case when one considers the uniform probability 
measure the proof uses, in addition, results about the t3T)ical distribution of colours, 
which are proved by combinatorial arguments. Therefore, we start, in this section, by 
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considering the probability measure derived from the dimension conditional measure. In 
Section 10 we state the corresponding results for the uniform probability measure and 
complete their proofs. 

In this section, / > 2 is a fixed integer and for each n € N, K„ is defined as in 
Example 7.22 for F = {1}, and SK„ is defined as K„ in Example 7.23 for F = {1}. 
Note that 'F = {1}' means that the universe of every M. G K„ is {1, . . . ,n} and that 
the pregeometry is trivial (i.e. c1_a/((X) = X for every AA G K„ and every X C M). As 
usual, let K = IJnGN ^'^^ '^■^ ~ UneN S-^^n- The notation Lcoi (the language of the 
I colours), L^eZ (the language of relations) and L mean the same as in the mentioned 
examples. But we add the assumption that all relation symbols of the vocabulary of L^ei 
have arity at least 2. (Colouring unary relations is not so interesting.) When working 
with strong l-colourings, that is, with SK, we also assume that I is at least as great as the 
arity of every relation symbol in the vocabulary of L^^i; for otherwise the interpretations 
of some relation symbol(s) will be empty for all /-coloured structures, and then there 
is no point in having this (or these) relation symbol(s). Observe that if there are no 
relation symbols of arity greater than 2, then K = SK, as the pregeometry is trivial. A 
structure which is isomorphic with one in K is called I -coloured. A structure which is 
isomorphic with one in SK is called strongly I- coloured. Note that being /-coloured 
(strongly /-coloured) is equivalent to being represented with respect to K (SK). 

For each n, let 

Cn = {M \Lrel : M G K„}, C = (J C„, 

Sn = {M \Lrei : M G SK„} and S = |J S„. 

A structure which is isomorphic to one in C (i.e. represented with respect to C) will be 
called l-colourable. A structures which is isomorphic to one in S will be called strongly 
l-colourable. It is clear that an L^-ez-structure ^A is (strongly) /-colourable if and only 
if there is a function / : M — >■ {1, . . . , /}, called an (strong) l-colouring, such that the 
expansion M' of M to L, defined by A4' \= Pi{a) if and only if /(a) = i, is isomorphic 
with a member of K (SK). Therefore we can, when convenient, use (strong) /-colouring 
functions instead of the relation symbols Pi, . . . ,Pi to represent (strong) /-colourings. 

In this section, 6^ denotes the dimension conditional measure on K„ and denotes 
the dimension conditional measure on SK„ (see Definition 7.15). For each n, we consider 
the measures, 6^ on C„ and on S„ which are inherited from K„ and SK„, respectively, 
in the following sense: 

For every X C C„, 5^(X) = 5^ {{M G K„ : X \Lrei G X}) . 
For every X C S„, <5^(X) = <5^^ {{M G SK„ : M lUei G X}) . 

For every LreZ-sentence (p, let S^{ip) = 6^(^{Ai G C„ : M. \= if}) and 

Theorem 9.1. For every sentence ip G L^ei, 

(i) lim„^.oo (5n (V') = or lim„^oo (v') = 1; and 

(ii) lim„^oo'5^(</5) = or lim„^oo 5^ ((/?) = 1- 

Theorem 9.1 will be proved in Section 9.1. We also state the corresponding theorem 
for the uniform probability measure, although it will be restated, with more detail as 
Theorems 10.3 and 10.4, in Section 10 where its proof will be completed. 

Theorem 9.2. For every sentence G Lj.ei the following holds: 
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(i) The proportion of M. € in which ip is true approaches either or 1, as n 
approaches infinity. 

(ii) The proportion of M G Sn in which (p is true approaches either or 1, as n 
approaches infinity. 

Remark 9.3. (i) Let the relation symbols of L^ei be Ri, . . . ,Rp and let / C {1, . . . , p}. 
If we add the restriction that for every i £ I, is always interpreted as an irreflexive 
and symmetric relation (see Remark 2.1), then Theorems 9.1, 9.2 and Proposition 9.20 
still hold. The proofs in this section are exactly the same even if we add this extra 
assumption. But the combinatorial arguments in Section 10, needed to complete the 
proof of Theorem 9.2 are sensitive to whether a relation symbol is always interpreted as an 
irreflexive and symmetric relation, or not. For this reason the notation in Section 10 (but 
not in this section) specifies which relation symbols are always interpreted as irreflexive 
and symmetric relations. 

(ii) It is open whether Theorems 9.1 and 9.2 still hold if F is allowed to be a (fixed) 
finite field, thus giving a nontrivial underlying pregeometry, and K^j, SK^j, Cn ^'iid 
are, apart from this difference, defined as before. 

9.1. Proof of Theorem 9.1. The proof depends on Theorem 7.31 which is used in 
the proof of Lemma 9.7 below. Apart from Lemmas 9.5 and 9.9 below, the proof is 
the same, except for obvious changes of notation, in the case of S (strongly Z-colourable 
structures) as in the case of C (Z-colourable structures). For this reason, and to avoid 
cluttering notation and language, we prove Theorem 9.1 by speaking of K„, C„, l- 
coloured structures and /-colourable structures. Only when proving Lemmas 9.5 and 9.9 
will we separate the two cases explicitly. 

The general pattern of the proof is a familiar one. We collect into a theory Tc a certain 
type of extension axioms (to be called '/-colour compatible extension axioms') together 
with sentences which describe all possible isomorphism types of structures in C. Then 
wc show that for every € Tc, lim„^oo ^ni"^) — 1? which implies (via compactness) that 
Tq is consistent. After this we show that Tc is complete by showing that it is countably 
categorical. The zero-one law is now a straightforward consequence of the previously 
proven facts, together with compactness. 

Remark 9.4. We can no^ expect that for every extension axiom ip of C, lim^^oo ^nif) = 
1. For example, suppose that the vocabulary of Lrei contains only one relation symbol 
which is binary (which implies S = C), and that / = 2. Then there is no 2-colourable 
Lj-ei-structure which satisfies all 3-extension axioms of C. For if A4 would be such a 
structure, then it is easy to see that M. would contain a 3-cycle or a 5-cycle (it does not 
matter if it is directed or not) which contradicts that M is 2-colourable. 

In order to define the type of extension axioms that are useful in this context, we need 
to find a way of expressing, with an L^ez-formula, that two elements in an L-structure 
have the same colour. In fact, it suffices to find an L^g^-formula ^{y,z) such that with 
5^ -probability approaching 1 as n — >■ oo: if M G K„ and a, 6 G M, then M. \= C{a, b) if 
and only if a and b have the same colour in A4. The following lemma is a first step in 
that direction: 

Lemma 9.5. There is an (strongly) l-colourahle structure S and distinct a,b € S such 
that the following hold: 

(a) Whenever : S {1, . . . ,1} is an (strong) l-colouring of S, then 7(a) = 7(6); 
in other words, whenever S is (strongly) l-coloured then a and b get the same 
colour. 

(b) For every i G {1, . . . , /}, there is an (strong) l-colouring 7^ : 5 — )■ {1, . . . , /} 0/ (S 
such that 7(a) = 7(6) = i. 
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Proof. We must treat the case of C, i.e. i-colourable structures, and the case of S, i.e. 
strongly /-colourable structures, separately. We start with the case of C. By assumption 
all relation symbols in the vocabulary of L^ei have arity at least 2. Let r be the minimum 
of the arities of relation symbols in the vocabulary of Lrei, so r > 2, and let i? be a relation 
symbol in the vocabulary of Lj.ei which has arity r. Let S = {0,1, . . . , {r — 1)1} and let 
R'^ consist exactly of all tuples (si, ... ,Sr) of distinct elements from S such that 

{si,...,sJCS-{0} or {si,...,s^}CS-{l}. 

For all other relation symbols Q of the vocabulary of L^gi, let = 0. Note that there 
is no relationship in S which contains both and 1. 

We first show that there is a colouring 7 : S {!,...,/} of «S such that 7(0) = 
7(1) = 1. This will prove (b), because any permutation of the colours of an /-colouring 
gives a new /-colouring. Let both and 1 be assigned the colour 1. Then assign the 
colour 1 to exactly r — 2 elements si, . . . , Sr-2 & S — {0,1}. So exactly r elements 
of S = {0, 1, . . . , (r — 1)/} have been assigned the colour 1; and these elements are 

0. 1, si, . . . , Sr-2- Hence 

|{5 - {0, 1, si, . . . , Sr-2}\ = (r - 1)/ + 1 - r = (r - 1)(Z - 1), 

so 5— {0, l,si, . . . , Sr-2} can be partitioned into l — l parts each of which contains exactly 
r — 1 elements. Consequently, we can, for each colour i € {2, ...,/}, assign the colour 
i to exactly r — 1 elements in 5 — {0, 1, si, ... , Sr-2}- Since no colour other than 1 has 
been assigned to more that r — 1 elements, the result is an /-colouring of S. 

We now prove (a). Assume that 7 : 5 — {1, ...,/} is a colouring of S. Note that 
|S'-{0}| = Is*-!!}! = (r-1)/. By the definition of 5, every r-tuple of distinct elements 
(si, . . . ,Sr) € (>S' — {0})'' is an i?-relationship. Hence, for every colour i G {1, . . . , /}, we 
must have \j~^(i) D {S - {0})\ = r - 1. Suppose that 7(1) = 1. (If 7(1) G {2, . . . ,/} 
the argument is analogous.) Assume, for a contradiction, that 7(0) = i ^ 1. Above we 
concluded that |7^^(«) fl (S" — {0})| = r — 1. Since 7(0) = i we get |7~"'^(i)| = r, and as 
7(1) ^ i, we get 7^^(i) C 5— {!}. Hence, there are distinct si, . . . ,Sr G 7~^(i) Q S—{1}. 
By the definition of 5, (si, . . . , Sr) £ R^- Since 7 assigns all elements si, . . . , the colour 

1, this contradicts that 7 is a colouring of S. So if we take a = and b = 1, then the 
lemma holds for this S in the case of (not necessarily strong) /-colourings. 

Now we prove the lemma in the case of strong /-colourings. Let S = {0, 1, ... , /}. 
Let R be any symbol from the vocabulary of L^ei, so the arity r of i? is at least 2. By 
assumption, since we work with strong /-colourings now, 2 < r < I. Let R'^ consist 
exactly of all tuples (si, . . . , s^) of distinct elements from S such that 

{si, . . . C 5 - {0} or {si, . . . , Sr} ^ - {!}. 

For all other relation symbols Q of the vocabulary of Lj-ei, let Q"^ = 0. Note that there is 
no relationship in <S which contains both and 1. Therefore any assignment of the same 
colour i £ {1, ... ,1} to and 1 can be extended to a strong /-colouring of S. Also note 
that every strong /-colouring of S must give all elements in S — {0} different colours; 
and it must give all elements in S — {1} different colours. Since jS'l = / — 1 there is no 
other choice but giving and 1 the same colour. Hence the lemma, in the case of strong 
/-colourings, holds for this <S with a = and 6=1. □ 

Notation 9.6. (i) Let S be an /-colourable structure and a,b G S distinct elements such 
that Lemma 9.5 is satisfied. Note that we must have \S\ > 3. Without loss of generality 
we assume that |<S| = 5 = {1, . . . , s} for some s > 3 and that a = s — 1 and b = s. Hence 
every assignment of the same colour to s — 1 and s can be extended to an /-colouring of 
S, and every /-colouring of S gives s — 1 and s the same colour. 

(ii) Let xsi^i, ■ ■ ■ ,Xs) be a quantifier-free L^ez-formula which expresses the L^eriso- 
morphism type of S ; more precisely, for every L^ei-structure M and all ai , . . . , G M, 
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M. \= Xsio-i, • • • ! o-s) if and only if the map Oj i is an isomorphism from M. \{ai, . . . , ag} 
to S. 

(iii) Let ^{y^z) be the formula 

y = z y ^ui,...,Us-2Xs{ui,...,Us-2,y,z). 

(iv) For n, A; G N let X„ ^ C K„ be the set of all M. G K„ which satisfy all fc-extension 
axioms with respect to K. 

Lemma 9.7. For every A; G N, lim„_^oo ^^{^n,k) = 1- 

Proof. As mentioned in Examples 7.9 and 7.22, for every /c G N, the trivial pregeometry 
is polynomially /c-saturated and K accepts fc-substitutions over the language with empty 
vocabulary. By Theorem 7.31 (i), for every extension axiom ip of K, lim^_j.(x, = 1. 

The lemma follows since there are only finitely many fc-extension axioms. (In the case of 
strongly Z-colourable structures we look back at Example 7.23 instead of Example 7.22.) 
□ 

Lemma 9.8. Let Al G K and a,b € M. 

(i) If M. \= (,{a,b) then a and b have the same colour in M., i.e. for some i G {1, . . . ,/}, 
M^Pi{a)^P^{b). 

(ii) If k > \\S\\ and M G X^^j., then M \= ^{a,b) if and only if a and b have the same 
colour in A4. 

Proof, (i) Suppose that M € K. and Ai \= $,{a,b). If a = 6 then a and b have the same 
colour, so suppose that a^b. Then there are mi, ... , ms_2 G M such that 

M H Xsijnx, . . . ,ms-2,a,b). 

It follows that the L^ei-reduct of M. \{mi, . . . , ms-2,a., b} is isomorphic with S via the 
Lrei-isomorphism i->- z, for z = 1, . . . , s — 2, a s — 1 and 6 i->- s. Then we get an 
^-colouring of S by letting i get the same colour as m^i, for i = l,...,s — 2, letting s — 1 
get the same colour as a, and letting s get the same colour as b. From Lemma 9.5 it 
follows that s — 1 and s must have the same colour in S; hence a and b must have the 
same colour in A4. 

(ii) Let k > \\S\\ and A4 G X„^fc. If a = 6 then immediate^ from the definition of 
(,{y,z) we get Ai |= ^(a, 6). Suppose that a,b & M are distinct elements which have 
the same colour in M, that is, for some colour i e {1, . . . ,1}, M \= Pi{a) A Pi{b). By 
Lemma 9.5 and Notation 9.6, there is an Z-coloured structure Si such that Si\Lrei = S 
and Si \= Pi{s — 1) A Pi{s). Let S- = Si \{s — 1, s}. Since a and b have the same colour in 
M, there is no binary relationship of M which includes both a and b. Hence M\{a,b} 
has no other relationships than the colour of a and of b which is i in both cases. By the 
properties of S (given by Lemma 9.5 and Notation 9.6), S'^ has no other relationships 
than the colour of s — 1 and of s which is i in both cases. Hence, any bijection between 
{s — 1, s} and {a, b} is an isomorphism between S'^ and M. \{a, b}. Since Ai G X„ ^ and 
k > WSW, it follows that M satisfies the 5j/5^-extension axiom. This implies that there 
are mi, . . . , ms-2 G M such that the map rrii i— t- i, for i = l,...,s — 2, ai— )-s — 1 and 
6 I-)- s, is an isomorphism from Ai \{Tni, . . . , ms-2, a, b} to Si. Since Si IL^ei = S we get 
M \= xsimi, . . . ,ms-2,a,b), so M ^^(a,6). □ 

Besides being able to express (with high probability) with the L^erformula ^{y,z) that 
two elements have the same colour, we also need to be able to represent colours by 
elements (having those colours) in a structure, and wc must be able to define such 
elements with an Lj-g^-formula. This is taken care of by Lemma 9.9, Notation 9.10 and 
Lemma 9.11, below. In some more detail, the structure U in the next lemma will help 
us to define an Lj-g^-formula C(^i) • • • j^u), in Notation 9.10, where u > I, such that if 
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Ai G X„^fc, then Ai \= 3xi, . . . , . . . , x^) and if |= Ci^'i^ • • • j (^u), then the first 

I elements ai, . . . ,a/ have different colours in A4. The formula ( will be used (before 
Lemma 9.12) when wc define a restricted version of extension axioms for C, the 'Z-colour 
compatible extension axioms'. 

Lemma 9.9. There is an (strongly) l-colourahle structure lA which is not (strongly) 
{I — l)-colourable and such that \\U\\ is divisible by I and every partition of \U\ into I 
parts of equal size gives rise to an (strong) l-colouring ofU. 

Proof. We deal with the cases of Z-colourings and strong l-colourings separately and begin 
with the case of Z-colourings. Let be a relation symbol from the vocabulary of L^ei, so 
the arity, call it r, of R is at least 2. Recall that I >2. Let U be the L^erstructure with 
universe U = {1, . . . ,l{r — 1)}, where 

i?" = {(tti,. . .,Ur)eU'':i^j^Uij^ Uj}, 

and the interpretation of every other relation symbol is empty. Then U can be partitioned 
into I parts, each part with exactly r — 1 elements. Hence every tuple {ui, . . . ,Ur) G 
of distinct elements must contain Uj and Uj from different parts of the partition. 
Consequently, U is Z-colourable. However, if U is partitioned into I — 1 parts, then at 
least one part must contain r distinct elements ui, . . . , Ur, and since (ui, . . . , Ur) € , 
the partition does not represent an (Z — l)-colouring of ^. Thus, U is not (Z — l)-colourable. 

The case of strong Z-colourings is even simpler. Again we take any relation symbol R 
from the vocabulary of Lj.g.i. Its arity, say r, is by assumption at least 2. By the extra 
assumption when dealing with strongly Z-colourable structures we in fact have 2 < r < I. 
We then let U = {1, . . . , 1} and define the interpretations in U as above. It is clear that 
U is strongly Z-colourable, but not strongly (Z — l)-colourable. □ 

Notation 9.10. (i) Let, according to Lemma 9.9, U be an Z-colourable, but not (Z — 1)- 

colourable, structure such that \\U\\ is divisible by Z and every partition of |Zi| into I parts 
of equal size gives rise to an Z-colouring of U. Let the universe oiU he U = {1, . . . ,u}, 
so u> I. 

(ii) Let xuixi, • • • , Xu) be a quantifier-free L^erformula which expresses the isomorphism 
type of U. 

(iii) Let W G K be an expansion of U, that is, ^ is an Z-colouring of U. Without loss of 
generality we may assume that the elements 1, . . . ,1 E U have different colours in U. 

(iv) Let / be the set of all unordered pairs {i,j} Q U such that i and j have the same 
colour in U, and let Ci^i, ■ ■ ■ , Xy) denote the formula 

Xu{xi,...,Xu) A l\ i{xi,Xj) A l\ ^^{xi,Xj). 
{ij}ei 

Lemma 9.11. (i) Suppose that k > max(||5|| , ||W||) and M G X„^jfc. Then 
M \=3xi,...,XuC{xi,...,Xu), 

M\=yxi,...,Xu(c{xi,...,Xu)^ /\ ^^{xuXjfj, 

i<j<l 

I 

M \=\ly,xi, . . . ,Xu{c{xi, ■ ■ ■ ,Xu) y S,ixi,y)^, 

i=l 

M\=yyi{y,y) A Vyi,y2(C (2/1,2/2) ^ ^(2/2,2/1)), and 
M\=yyi,y2,yz{[i{yi,y2) A ^(2/2,2/3)] C(yi,2/3))- 
(ii) If ip is any one of the sentences in part (i), then lim„_^oo (5^('0) = 1. 
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Proof, (i) Recall Notation 9.10 (iii). Since k > \\U\\ = U and G X„,fc, the U/%- 
extension axiom is satisfied in M, so there are mi,...,m„ G M such that the map 
TTij I-)- z is an isomorphism from M. t{mi, . . . , m^} to so in particular it preserves the 
colours. As 7W G X„^fc and k > ||<S||, Lemma 9.8 implies that M. \= CC'Tii, • • • 
Now suppose that 6, ai, . . . , G M and M. |= C('*i) • • • ) o.u)i that is, 

M^Xu{ai,---,au) A /\ ^{ai,aj) A /\ ^({ai,aj). 

Together with the definition of U and / (Notation 9.10), this implies that if i < j < ^, 
then M. \= -'^{ui, Qj). Since M. G ^n,k and k > \\S\\, Lemma 9.8 implies that if i < j < 
then Qi and aj have different colours. Since there are only I colours, there is i < I such 
that b has the same colour as Ui in M. By Lemma 9.8 again, M. |= ^(oj, 6). So we have 
proved that 

M\=yxi,...,Xu(^C{xi,...,Xu) ^ /\ ^^{xi,Xjj^, and 

i<j<l 
I 

,Xi,..., Xu 

i=l 

The relation 'y has the same colour as z' is an equivalence relation which under the given 
conditions is defined by ^{y,z) (by Lemma 9.8). This immediately implies the rest of 
part (i). 

(ii) Let be any one of the sentences in part (i). Since G L^ei we have 

{MeCn:M\=ip} = {Af\Lrei : M E and Af \= 

so by the definition of we get S^{ip) = dl^{ip), for every n. Therefore it suf- 
fices to show that lim„^oo <^^(^) = 1- Take k > max(||5|| , ||^Y||). By Lemma 9.7, 
lim„_j.oo (5^(X„ fc) = 1. By part (i), for every n and every M. G X^^^! M satisfies i/j, so 
Sf{^) > S^{^n,k) ^ 1, as n ^ oo. ' □ 

Next, wc define 'Z-colour compatible extension axioms'. Suppose that B is ^-colourable 
(and finite) and let A C B. Without loss of generality we assume that A = {1, . . . ,a} 
and B = {1, . . . , /3}, so a < ^5. Let xa{xi, • • • , Xa) and xb{xi, ■ ■ ■ , xp) be quantifier- 
free Lj.e/-formulas which express the isomorphism types of A and B, respectively; so 
for any L^erstructure A4, M \= X^('^'i) • • • i '^q) if only if the map mj i— > i is 
an isomorphism from M.\{mi, . . . ,ma} to A; and similarly for XB- Let us say that 
an /-colouring 7 : {1, . . . , a} — >■ {1, ...,/} of .4 is a B-good colouring if it can be 
extended to an /-colouring 7' : {1,...,/?} — t- {1,...,/} of B (i.e. 7't^ = 7). Let 
7 : {1, . . . , a} — )■ {1, . . . , /} be a fi-good colouring of A and let 7' : {1, . . . , /?} — > {1, . . . , /} 
be any colouring of B that extends 7. Let r be any permutation of {1, ... , /}. The idea 
in what follows is that, for j G {1, . . . , a}, the colour of j is associated with the colour of 
the element which will be substituted for the variable Xt-^(j), where T^{j) = T{'y{j)). Let 
9^^t{xi, . . . ,xi,yi, . . . , ya) be the conjunction of all ^(x^-^^j), y^) where j G {1, . . . , a}. 
Similarly, let ^y_7-(xi, . . . , x;, yi, . . . , y^) be the conjunction of all ^(x^y^j), yj) where 
jG{l,...,/3}. We call the following sentence an instance of the I -colour compatible 
B / A- extension axiom: 

Vxi, ...,Xu,yi,.. .,ya^ya+i, ■■■,yp{ 

[C,{xi,...,Xu) /\XA{yi,---,ya) ^ 9^^r{xi,...,xi,yi,...,ya)\ — > 
[xB{yi,---,yp) A e^i^r{xi,...,xi,yi,...,yp)\). 
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In the special case that A = fj) and 7' is an arbitrary ^-colouring of B, the above formula 
should be interpreted as 

Vxi, . . . , Xu^yi, ■■■,yi3 {Cixi, ...,xu) — > XBiyi, ■■■,yp) f\ d^',r{xi, ...,xi,yi,..., y^)) . 

Since there are only finitely many Z-colourings of any finite structure, there are only 
finitely many instances of the /-colour compatible ,B/^-extension axiom. The l-colour 
compatible B / A- extension axiom is, by definition, the conjunction of all instances of 
the /-colour compatible i3/^-extension axiom. If < k + 1 then the /-colour compatible 
;B/.4-extension axiom is also called an l-colour compatible k- extension axiom. 

Lemma 9.12. Suppose that B is l-colourable (and finite) and let AdB. Let ip denote 
the l-colour compatible B / A- extension axiom. If k > max(||<S|| , \\B\\) and M G '^n,k> 
then M \= (fi. 

Proof. Let A, B, if, k and A4 satisfy the premisses of the lemma, so in particular 
^A € ^n,k ^ We consider only the case when ||v4|| > 1, since the case when 

II ^11 = is analogous. Without loss of generality we assume that A = {1, . . . ,a} and 
B = {1, ... ,13} where a < /3. It suffices to prove that every instance of the /-colour 
compatible ;B/^-extension axiom is true in M. 

Let 7 : {1, . . . , a} — >■ {1, . . . , /} be a ;S-good /-colouring of A and let 7' : {1, . . . , /3} — >■ 
{1,...,/} be an /-colouring of B which extends 7. Also, let r be a permutation of 
{!,... ,/}. We prove that A4 satisfies the following instance of the /-colour compati- 
ble 6/y^-extension axiom, where O^.^r is the conjunction of all ^(a;^^,(j), where j G 
{1, . . . , a}, and Oy^r is the conjunction of all ^(x^^(j), yj) where j G {1, . . . , 

Vxi, ...,Xu,yi,.. .,ya^ya+i, ■■■,yi3{ 

[C{xi,...,Xu) A XA{yi,---,ya) A 9y,r{xi,...,xi,yi,...,ya)] — > 
[Xl3{yi,---,yf}) A 0y,^(xi,...,xz,yi,...,y^)]). 

Note that since ^4 G X^^^ and k > max(||5|| , ||;S||), we can, and will repeatedly, use 
Lemma 9.8 which implies that for all a, 6 G M, M \= ^(a, b) if and only if a and b have 
the same colour in A4. 
Suppose that 

M \= C{mi, . . . ,mu) A XA{ai, ■ ■ ■ ,aa) A 0^,^(mi, . . . , m;, ai, . . . , a^)- 

By the definition of (Notation 9.10 (iii), (iv)), if i,j < I and i ^ j, then rrij and mj 
have different colours. Hence, there is a permutation vr of {1, ...,/} such that, for every 
i G {1, . . . , /}, nii has colour 7r(i), i.e. M. \= PT^(i-){mi) . Let ;B G K be the expansion of B 
such that, 

for every _7 G {1, . . . , B \= P7rr7'(j) 

In other words, j G {1, . . . , /?} gets the same colour in B as niT-yt^j-j in ^A, and this colour 
is TrTj'{j). In particular, this holds whenever j < a and 7' is replaced by 7. Since we 
assume that 

M\=XA{ai,...,aa) A 0^,^(mi, . . . , m;, ai, . . . , a^) 

it follows that the map j Qj, for j G {1,... ,0;}, is an isomorphism from A = B\ 
{1, . . . , a} to M \{ai, . . . , a„}. Since M. G ^n,k and k is sufficiently large, M. satisfies 
the ,B/^-extension axiom. Hence, there are fla+i, . . . ,ap ^ M such that the map j 1— )■ Oj, 
for J G {1,...,/?}, is an isomorphism from B to 7W [{ai, . . . , a^}. This implies that 
M. \= Xb{0'1-> ■ ■ ■ -iCip) and that, for all j G {1, . . . ,,5}, M. \= P^^y((j^.)(aj), which means 
that Qj has the same colour as m-j-y^j-^, so M.\= ^{mTj/(^j),aj). Hence 

■M- \= e^^rimi, . . . ,mi,ai, . . . ,ap), 
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and we are done. □ 
Corollary 9.13. For every l-colour compatible extension axiom ip, Iim„_>.oo = 1. 

Proof. Let be an Z-colour compatible extension axiom. Since ip G L^ei we have 

{MeCn:M\r^} = W\Lrel : AT G K„ and AT ^ <^}, 

so by the definition of 5^ we get 5^{(p) = S!^{(p), for every n. Therefore it suffices to 
show that lining {(p) = 1. For some /-colourable L-rerstructures A C B, (p is the 
/-colour compatible 0/^-extension axiom. Take k > max(||5|| , By Lemma 9.7, 

lim„_>.oo 5^(X„ fc) = 1. By Lemma 9.12, for every n and every M. G X„ fe, M. satisfies 
(f, so d^{(p) > 5^(X„,fc) ^ 1, as n ^ GO. □ 

For every integer n > let A4(n,i), • • • > A4(n,TO„) be an enumeration of all isomorphism 
types of Z-colourable structures of cardinality at most n. Let x"(xi, . . . ,Xn) describe the 
isomorphism type of A^(„^i) in such a way that we require that all variables xi, . . . ,Xn 
actually occur in xf- It means that if ||A^(„,i)|| < n, then xF(^i) • • • ^^n) must express 
that some variables refer to the same element, by saying 'rcfc = x;' for some k ^ I. For 
every n G N let denote the sentence 

Xi (^7r(l) ) ■ ■ ■ ) •^7r(n) ) ) 

1 = 1 TT 

where the second disjunction ranges over all permutations tt of {l,...,n}. Then let 
Tiso = {V'n : G N, n > 0} and note that every ij^n is true in every Z-colourable structure. 
Let Text consist of all /-colour compatible extension axioms and let T^^; consist of the 
sentences appearing in part (i) of Lemma 9.11. Finally, let Tc = Tiso U T^^t U T^oi. 
By part (ii) of Lemma 9.11, Corollary 9.13 and compactness, Tq is consistent. Since 
Text C Tc, every model of Tq is infinite. In order to prove Theorem 9.1 it is enough to 
prove that Tc is complete. 

Lemma 9.14. Tc is countably categorical and therefore complete. 

Proof. Suppose that the L^erstructures Ai and Ai' are countable models of Tc. We will 
prove that Ai = Ai' by a back and forth argument, but first we need some preparation. 
Recall that T^oi C Tc and that T^^i contains the formulas that appear in part (i) of 
Lemma 9.11. Therefore there are mi, . . . ,mu G M and m[, . . . ,m[^ G M' such that 
Ai \= C("ii) • • • ifTT-u) and Ai' \= ({m'l, . . . ,mu). Moreover, because of the sentences in 
T^oi, the following hold: 

• ^(2/) ^) defines an equivalence relation Rm on M and an equivalence relation Rm' 
on M'. 

• The elements mi, . . . ,mi belong to different equivalence classes; the elements 
m'l, . . . ,m/i belong to different equivalence classes. 

• Every element in M is equivalent to one of mi , . . . ,mi, so Rm has exactly / 
equivalence classes; and the same is true for m'l, . . . ,m'i and Rm'- 

We prove that Ai = Ai' by a back and forth argument in which partial isomorphisms 
between Ai and At' are extended step by step. It suffices to prove the following: 

Claim. Suppose that A and A' are finite substructures of AA. and Ai' , respectively, and 
that f is an isomorphism from A to A' such that for all a £ A and all i G {1, ...,/}, 
Ai \= i{mi,a) <^=^ M' |= ^(m^,/(a)). For every b e M - A (or b' e M' - A'), there 
are b' e M' - A' (or b e M - A) and an isomorphism g : M\AU {b} ^ At' I A' U {6'} 
such that g extends f (so gib) = b' ) and, for every z G {1, ...,/}, |= ^{mi,b) 
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Suppose that A and A' are finite substructures of M and A4' , respectively, and that 
/ is an isomorphism from A to A' such that for all a G ^ and all i G {1,...,/}, 
M \= ^{mi,a) <S=^ M' \= C(m-, /(a)). Let A = {ai, . . . ,aa}, let b = Ua+i e M - A and 
let B = M. \{ai, . . . , Oa+i}- We will find the required b' G M' — A' by defining a suitable 
instance of the ^-colour compatible ;B/,4-extension axiom and then use the assumption 
that M'^TcD Text- 
Let 

X = {mi,...,m„,ai,...,aa+i}. 

Since ^(y, z) is an existential formula (see Notation 9.6 (iii)), there is Sl, finite substructure 

J\f C M such that 

X Q N, and whenever c,d e X, then M |= ^(c, d) TV \= ^(c, d). 

Since N is finite and M C M \= Tc D Tiso, N is /-colourable. Let 7* : AT ^ {1, ... , 1} 
be an /-colouring of M, and define an equivalence relation ~* on by: 

c~* d^7*(c) = 7*(d). 

By the choice of J\f and Lemma 9.8 (i), for all c, d G X, 

Rj^{c, d)^M^ e(c, d)^N^ e(c, d) =^ 7*(c) = 7*(d) ^ c ~* d. 

This means that the restriction of Rm to X is a refinement of the restriction of r^* to 
X. We have already observed that the restriction of Rm to X has exactly / equiva- 
lence classes, because all mi, . . . ,mi belong to different classes. Moreover, since M \= 
C(mi, . . . ,mu) we get, by the definition of (, A4 \= Xu{itt-1i ■ ■ ■ jItt^u), and since U is l- 
colourable, but not (I — l)-colourable, it follows that ~* has exactly I equivalence classes. 
It follows that the restriction of Rm to X is the same relation as the restriction of ~* 
to X. Hence, 

for all c,deX, M^^{c,d) ^ 7*(c) = 7*(d). 
Therefore, there is a permutation r of {1, ...,/} such that, 

for every j G {1, . . . , a -M}, M \= ^(m^^*(a^.), a^). 
Let 7' = 7* \{ai, ... , aa+i} and 7 = 7* \{ai, aa}- Then let 

Oy,Tixi, ...,xi,yi,.. .,ya+i) 
be the conjunction of all ^(x^y(a^), yj) where j G {1,...,q;-|-1}, and let 

0^,r{xi, ...,xi,yi,.. .,ya) 

be the conjunction of all ^ix-r'~^,(aj),yj) where j G {I, . . . ,a}. Let XAiVii ■ ■ ■ ^Va) and 
XB(yi) • • • ) ya+i) be quantifier- free formulas which describe the isomorphism types of A 
and B, respectively. Now the following is an instance of the Z-colour compatible B/A- 
extension axiom: 

Vxi, ...,Xu,yi,.. .,ya^ya+i{ 

[C{xi,...,xu) A XA{yi,---,ya) A ej^r{xi,...,xi,yi,...,ya)] — y 

[xB{yi,---,ya+i) A 9y^r{xi,...,xi,yi,...,ya+i)]). 

Since 

M\=C{mi,...,mu) A x^(ai,...,aa) A 6'^,T-(mi, . . . , m^, ai, . . . , a^), 
it follows from the assumptions that 
M' \=Cim[,...,m'J A XA{f{ai),...,f{aa)) A 6'^,^(mi, . . . , m,, /(ai), . . . , /(oa)). 
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Since M' satisfies all /-colour compatible extension axioms it follows that there is b' G 
M' — A' such that if g{aa+i) = h' and g{a) = /(a) for all a & A, then 

M' ^ XB{g{ai), ■ ■ ■ -.giacx+i)) A e.,t^^{m'^,...,m[,g{ai),...,g{aa+i)). 

It follows that g is an isomorphism from M. tAu{6} to Ai' \A'u{h'}. Since M. \= $(m^, h') 
for a unique i G {1, . . . , 1} (by the conclusions in the beginning of the proof), it also follows 
that, for every i G {1, . . . , Z}, ^A' \= ^{m'-, b') -^=^ Ai |= i{m,i, b), where b = a^+i- 

Note that the argument also works for the 'base case' when A = A' = (}> and / is the 
empty map; the difference is merely notational. If we start out with b' G M' — A', then 
we argue symmetrically. Thus the claim, and hence the lemma, is proved. □ 

By the preceeding lemmas, Tc is a complete theory such that whenever m G N and 
V'l, • • • , 1pm G Tc, then lim„_!.oo NILi V'i^ = 1- By compactness and completeness it 
follows that if Tc |= then lim^^oo ^ni'p) — 1; if Tc ^ then lim^i^oo 5^(<^) = 0. 

9.2. Relationship between the dimension conditional measure and the uniform 
measure. In this section we prove that the results that we have seen for the probability 
measures 5^ and (5^ transfer to the uniform probability measures on C>n fiiid S^j, respec- 
tively, if one condition about (strongly) Z-colourable structures holds. In Section 10 we 
prove that this condition does indeed hold. 

Definition 9.15. Let m G M. 

(i) Suppose that 7:6*^ {1, ...,/} is a function. We say that 7 is m-rich if, for every 
i G {1, . . . , Z}, |7~^(i)| > m, that is, at least m members of S are mapped to i. 

(ii) We call 7W G K (or 7VI \Lcoi) m-richly l-coloured if for every i G {1, . . . , Z}, |{a G 

M -.M^ Pi{a)}\ > m. 

(iii) We also call A4 G SK (or A4 \Lcoi) m-richly l-coloured if for every i G {1, . . . , I}. 
\{a G M : Ai \= Pi{a)}\ > m. (If G SK then it is understood that we are dealing with 
strong Z-colourings, although it was not explicitly reflected in the terminology defined.) 

Recall the notion of an l-colour compatible extension axiom, defined in Section 9.1, before 
Lemma 9.13. These axioms are essentially the same whether we consider (not necessarily 
strong) /-colourings, or strong /-colourings. The only difference is that the structures S 
and U which are implicitly refered to (via the formulas 1^ and ^) are different in the two 
cases. 

Theorem 9.16. Let / : N — >■ M 6e such that /(ra)/lnn — >■ 00 as n ^ 00. 

(i) Suppose that the proportion of M. ^ K„ which are f{n)-richly l-coloured approaches 

1 as n ^ 00. Then, for every extension axiom ip of K, the proportion of A4 € K„ 
which satisfy ip approaches 1 as n 00. Consequently, K has a 0-1 law for the uniform 
probability measure. 

(ii) Suppose that the proportion of A4 G C„ which have an f{n)-rich l-colouring ap- 
proaches 1 as n ^ 00. Then, for every l-colour compatible extension axiom Lp ofC, the 
proportion of A\ ^ C„ which satisfy Lp approaches 1 as n ^ 00. Moreover, C has a 0-1 
law for the uniform probability measure. 

(iii) Parts (i) and (ii) hold i/K„ and C„ are replaced by SK„ and S„, repectively, and 
'strong' is added before 'l-colouring'. 

Remark 9.17. In Section 10 we will prove (Theorem 10.5) that there is a constant 
H > such that the proportion of G C„ (or M. G S„) which have a //n-rich (strong) 
/-colouring approaches 1 as n — >■ cxd. It follows (Remark 10.6) that the proportion of 
M G K„ (or M G SK„) which are /xn-richly /-coloured approaches 1 as n — )■ cxd. 
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9.3. Proof of Theorem 9.16. The proof is exactly the same whether we consider (not 
necessarily strongly) /-colourable (or Z-coloured) structures or strongly Z-colourable (or 
Z-coloured) structures. This is because we only need to use (in Lemma 9.19 below) 
the properties of the structure U and the formulas and ^, from Lemmas 9.9 and 9.8, 
and not their precise definitions in the respective case. Therefore we will speak only 
about K„, C„, Z-colourings and Z-colourable (or Z-coloured) structures; the proof in the 
case of strong Z-colourings is obtained by making the obvious changes of notation and 
terminology. Throughout the proof, Z > 2 is fixed so we may occasionally say 'colouring' 
instead of 'Z-colouring'. 

Suppose that / : N — >■ M is such that /(n)/lnn— >-ooasn— )-oo. A straightforward 
consequence is that for every /c G N and every < a < 1, lim„_!.oo n'^ ■ a^^'^^ =0. For if 
/3 = 1/a, then /3 > 1, ln/3 > and In = (/(n) In/? - /c Inn) — >^ oo as n — >• oo; which 
gives hm„^oo = oo, and • a-''^") = as rn> oo. 

We first prove (i). As said in Remark 3.3, the zero-one law for K, with the uniform 
measure, follows if we can show that for every extension axiom of K, the proportion of 
structures in K„ which satisfy it approaches 1 as n ^ oo. Suppose that the proportion 
of A4 G K„ which are /(n)-richly coloured approaches 1 as n ^ oo. 

Let Lp be an extension axiom of K. It suffices to consider the case when has only 
one existential quantifier, so let ip have the form 

Vxi, . . . , Xk^Xk+i {tp{xi, . . . , Xjfc) -> i/j'ixi, ...,Xk, Xk+l)) , 

where and '0' are quantifier-free. 

For every Lcor structure A with universe {1, . . . ,n} for some n (or equivalently, for 
every AeK\l), let 

BL{A) = {MeK:M\L,,i = A}. 

Since we assume that the proportion of G K„ which are /(ra)-richly coloured ap- 
proaches 1 as n ^ oo, it is sufficient to prove that 

(a) for every £ > there is such that for every n > ra^, if ^ G K„ fl is an /(n)-rich 
colouring, then the proportion of G El{A) which satisfy cp is at least 1 — e. 

The proof of (a) is a slight variant of the well known proof that, with the uniform 
measure, the probability that an extension axiom is true in a randomly picked structure 
(without any restrictions on its relations, and with at least one relation with arity > 1) 
with universe {1, . . . ,n} approaches 1 as n tends to infinity (sec [18, 15, 23]). 

Suppose that A G K^fl is an /(n)-rich colouring. Let a be the number of nonequiva- 
lent quantifier-free L- formulas with free variables (exactly) Xi, . . . ,Xk^i. We show that, 
with the uniform measure, the probability that A4 G Bl{A) does not satisfy ip ap- 
proaches as n ^ oo; moreover, the convergence is uniform in the sense that it depends 
only on n = ||^||. From this (a) follows. 

Note that the only restriction on the interpretations of relation symbols from Lrei in 
structures in 'El{A) is that the interpretations respect the colouring of A. Suppose that 
a = (ai, . . . ,afc) G \A\'', M G Bl{A) and M \= ip{a). Let a^+i G \A\ - rng(a) be any of 
the at least f{n) — k elements not in rng(a) which have the colour, say i, which is specified 
for by V^'(xi, . . . , 2:^+1). Then the probability, with the uniform measure, that, for 
such afe_|_i, M \= ip'{ai, . . . ,ak, afe+i) is at least 1/a. So the probability that this is not 
true is at most 1 — 1/a; and the probability that M ^ tp'{ai, . . . , a^, a) for every one of 
the at least f{n) — k elements a outside of rng(a) with colour i is at most (1 — 1/q;)-^(")~'^. 
There are choices of a G \A\^ for which 3xk-\-iip' {a, x^-i-i) could fail to be true in Ai, 
so the probability that ^ </? is at most n ■ (1 - l/a)^W-'= ^ as n — ^ 00; by the 
assumption about /(n). Since we get the same expression 'n • (l-l/a)^(")-'=' for every 
/(n)-rich colouring A G K„|~l we have proved (a), and hence (i). 
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Let S andU be the L^erstmctures from Notation 9.6 and 9.10, and let m = max(||<S|| , 
Also, let ^{y, z) be the Lrei-formula from Notation 9.6. Fix an arbitrary k >m and define 

= {M. € K„ : M. satisfies all ^-extension axioms of K}, 

= {MeCn:M= M\Lrei for some M G X^}, 

= {M e'Kn-M is /(n)-richly coloured}, 

Y^ = € C„ : M has an /(n)-rich colouring}. 

Lemma 9.18. Every M G X^ satisfies all l-colour compatible k-extension axioms. 

Proof. The notation X^, introduced before the lemma, denotes the same set of struc- 
tures as the notation X„_fe defined in Notation 9.6 (iv). Therefore Lemma 9.12 tells 
that every M. G X^ satisfies all Z-colour compatible A;-extension axioms. Since all such 

axioms are L^ei-sentences it follows that for every M G X^ , M \Lrei satisfies all l-colour 
compatible fe-extension axioms. The lemma now follows from the definition of X^. □ 

From Lemma 9.18 it follows that in order to prove that the proportion of G C„ which 
satisfy all /-colour compatible /c-extension axioms approaches 1 as n — >■ oo, it suffices to 
show that |X^|/|C„| — > 1 as n — ^ oo. 

Lemma 9.19. For all M G X^ the following hold: 

(i) For every l-colouring 7 : M — ^ {1, . . . , 1} of A4, and all a, 6 G M, M. |= b) <^=^ 
7(a) = 7(5). 

(ii) A4 has a unique l-colouring up to permutation of the colours. 

Proof. As in the proof of the previous lemma, recall that X^ means the same as X„ ^ in 
Section 9. By Lemma 9.11 and the definition of (in Notation 9.10), for every Ai G X^, 
the following hold: 

• U is embeddable into M. 

• ^{y, z) defines an equivalence relation on M with exactly I equivalence classes. 
Since U is an L^-e/ -structure and ^ an L,.e;-formula, it follows from the definition of X^ 
that the above two points hold for every A4 G X^ as well. 

Let M G X^ and let 7 : M — )■ {1, . . . ,Z} be an /-colouring of Ai. Since U is em- 
beddable into A4 and U is not (l — l)-colourable, it follows that the equivalence relation 
7(a) = 7(6) has exactly I equivalence classes. Observe that the colouring 7 gives rise to 
a unique expansion of M that belongs to K. Therefore Lemma 9.8 (i) implies that if 
Ai \= ^(o, ft) then 7(a) = 7(6). Hence, the equivalence relation defined by S,{y,z) is a 
refinement of the equivalence relation 7(2/) = 7(2). Since both equivalence relations have 
exactly / equivalence classes they must be the same. In other words, for all a, 5 G M, 
M \= ^{a,b) if and only if 7(a) = 7(6). Hence (i) is proved. Part (ii) is now immediate, 
for if 7 and 7' are two Z-colourings of G X^, then 

7(a) =7(6) ^ M^aa,b) ^ 7'(a) = 7'(6). 

□ 



Now we have the tools to complete the proof of part (ii) of the theorem. Observe that 
with the notation used in the proof of part (i) we have 

Y^ = IJ {El(.A) : .a G K„tl is an /(n)-rich Z-colouring}, 

and (a) implies that 

(b) lim |,,,^| = 1- 



Y^ 
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Note that for every i-colouring of G C, the colours can be permuted in l\ ways. 
Therefore, 

(c) |K„|>n|C„| and |Y^| > n|Y^|. 
Lemma 9.19 impUes that 

(d) |X^|=/!|X^| and |X^ n Y^| = /!|X^ n Y^|. 

Assume that the proportion oi M E C„ which have an /(n)-rich colouring approaches 1 
as n — > oo. In other words, 

n \ -, 



(e) lim 
By (c) and (d), 

/nx |-^n" ^ ^n"! ^ Z!|X^ n Y^l _ n Y^l |Cn| 

^ ' |YK| - /!|YC| - ICJ ■ lYCi - • 



n 



Now (b), (e) and (f) imply that 

(g) lim = 1. 

n—i-oo \^n\ 

By Lemma 9.18 and (g), the proportion of G C„ which satisfy all Z-colour compatible 

^-extension axioms of C approaches 1 as n approaches oo. This has been derived for 
arbitrary k > m, under the assumption that the proportion of G C„ which have an 
/(n)-rich colouring approaches 1, as n — >■ oo. Since every Z-colour compatible extension 
axiom is an Z-colour compatible fe-extension axiom for all sufficiently large A;, we have 
proved: If the proportion of G C„ which have an /(n)-rich colouring approaches 
1 as n — > oo, then for every Z-colour compatible extension axiom ip, the proportion of 
M G C„ which satisfy cp approaches 1 as n — >■ oo. 

Now suppose that the proportion of Al G Cn which have an /(n)-rich colouring 
approaches 1 as n — >^ oo. Define Tc = Tiso U T^xt U T^oi exactly as in Section 9, just 
before Lemma 9.14. By the definition of Tj^o, every 93 G Tiso is true in every M. G C^. 
By the last statement of the preceeding paragraph, for every G Tf^^t the proportion 
oiM e Cn ill which ip holds approaches 1 as n — > 00. Recall that the formulas ^ and 
Q (defined in Notation 9.6 and 9.10) are L^g^-formulas. Lemma 9.11 and the definition 
of X^ (and of X„ ^ in Notation 9.6) imply that for every ip G Tf.oi, the proportion of 
M G Cn in which ip is true approaches 1 as n — > co. Hence, for every finite A C Tc, the 
proportion of A^ G C„ such that A1 |= A approaches 1 as n — t- 00. By the completeness 
of Tc (Lemma 9.14) and compactness, C has a zero-one law for the uniform probability 
measure. Thus, we have proved part (ii) of Theorem 9.16 and hence the proof of that 
theorem is completed (since, as explained in the beginning of the proof, the proof of 
part (iii) is the same except for obvious changes in notation and terminology). 

Observe that, by Lemma 9.19 and (g), we have also proved the following: 

Proposition 9.20. Let / : N — )• M 6e such that \im.n-^^^^ = 00. Suppose that the 
proportion of A4 £ C„ which have an f{n)-rich colouring approaches 1 as n 00. Then 
the proportion of JV[ ^ C„ such that every l-colouring of M is definable by ^{y^z), in 
the sense that Ai \= S,{a,b) <4> 7(a) = 7(6), approaches 1 as n ^ 00. Consequently, the 
proportion of A4 € Cn which have a unique l-colouring, up to permutation of colours, 
approaches 1 as n 00. The same statements hold if Cn is replaced by S„ (in which 
case the formula ^{y,z) may be different). 
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10. The uniform probability measure 
and the typical distribution of colours 

In [27], Kolaitis, Promel and Rothschild proved that almost all Z-colourable undirected 
graphs are uniquely Z-colourable (Corollary 1.23 [27]), and the distribution of colours is 

relatively even (Corollaries 1.20 and 1.21 [27]). They also proved that the class of l- 
colourable undirected graphs has a zero-one law, with the uniform probability measure, 
which together with their first main result - that almost all ICi^i-free undirected graphs 
are Z-colourable - implies the other main result, that the class of /C/_|-i-free graphs has 
a zero-one law. In the above context / > 2 is a fixed integer. A further study of l- 
colourable graphs was made by Promel and Steger in [33], where I = l{n) was allowed 
to grow, and the authors found a threshold function I = l{n) for the property of being 
uniquely Z-colourable. As in the previous section, wc will let Z > 2 be a fixed integer and 
study random (strongly) i-colourable relational structures, but now only for the uniform 
probability measure. 

The main results of this section, Theorems 10.3 and 10.4, generalize the zero-one law 
and (almost always) uniqueness of /-colouring for random Z-colourable graphs in [27] to 
random (strongly) l-colourable Lre^-structures for any relational language Lrei subject to 
some mild assumptions. They also tell that, almost always, the partition of the universe 
induced by an (strong) /-colouring is L^ei-definablc without parameters. Because of 
Theorem 9.16 (ii) and Proposition 9.20, in order to prove these things we only need to 
show that, for some function / : N — >■ M such that lim^^oo /(^) / In n = oo, the proportion 
of (strongly) /-colourable L,.e/-structurcs Ai with universe {1, . . . , n} which have an f{n)- 
rich (strong) /-colouring approaches 1 as n — t- cxd. We will show (Theorem 10.5) that there 
is a constant ji > (depending on /, Lrei and whether we consider /-colourings or strong l- 
colourings) such that the proportion of Ly-e^-structures A4 with universe {1, . . . , n} which 
have only /xn-rich (strong) /-colourings approaches 1 as n — )■ oo. The proof involves 
counting and estimating the number of (strongly) multichromatic m-tuples and m-sets 
(Definition 10.2) for m ranging from 2 to the maximum arity of the relation symbols. 

As in the previous sections we will allow the possibility that certain relation symbols 
are always interpreted as irreflcxivc and symmetric relations (sec Remark 2.1). As the 
arguments in this section are sensitive to whether this restriction applies to a given re- 
lation symbol, we will (in contrast to previous sections) be careful to let the notation 
indicate which relation symbols (if any) are always interpreted as irreflexive and sym- 
metric relations. Note that, apart from making this information visible, the notation 
below agrees with that which was introduced in the beginning of Section 9. 

Assumption 10.1. We fix an integer / > 2 and a relational language L^ei with vocab- 
ulary {Ri, . . . , Rp}, where p > and each R^ has arity > 2. 

Definition 10.2. (i) For positive integers n, we use the abbreviation [n] = {1, . . . ,n}. 

(ii) Let ^ be a set and let 7 : ^4 — >■ [/]. An m-tuple (ai,...,am) G is called 
monochromatic with respect to 7 if 7(01) = ... = 7(0^)- Otherwise we call 
{ai, . . . ,am) multichromatic with respect to 7. Note that if m > 3, then a mul- 
tichromatic m-tuple may have repetitions of elements (oj = aj for some i ^ j)- 

(iii) An m-tuple (ai,...,am) G A"^ is called strongly multichromatic with respect 
to 7 if 7(aj) ^ jid-j) whenever i 7^ j. 

(iv) Let M = (M, R^,. . . , R-^) be an L^erstructure and let 7 : M ^ [/]. We say that 
7 is an (strong) I -colouring of M. if, for every k = 1, . . . , p, every (ai, . . . , 0,.^.) G i?^ 
is (strongly) multichromatic with respect to 7. 

(v) An Lrei-structure M is called (strongly) l-colourable if there is 7 : M ^ [/] which 
is an (strong) /-colouring of M. 

(vi) We say that an Lj-e^-structure M. is uniquely (strongly) l-colourable if it is 
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(strongly) /-colourable and for all (strong) l-colourings 7 and 7' of A4 and all a,b & M, 

7(a) = 7(6) ^ y(a) = i{b). 

(vii) For every / C [p], Cf^ denotes the set of /-colourable Lf-ei-structurcs M with uni- 
verse [n] = {1, . . . ,n} such that for every k I, Rj. is interpreted as an irreflexive and 
symmetric relation in M.. Let = UneN^n; where N is the set of positive integers. 

(viii) For every / C [p], denotes the set of strongly Z-colourable L^erstructures M. 
with universe [n] such that for every k I, Rk is interpreted as an irreflexive and sym- 
metric relation in A4. Let = UneN ^n- 

(iv) For a € M, a function 7 : [n] ^ [/] is called a-rich if \f~^{i)\ > a for every i S [/]. 

As usual when the uniform probability measure is considered, the phrase 'almost all 
A4 G has property P ' means that the proportion of G which have property 
P approaches 1 as n approaches infinity. The phrase 'C^ has a zero- one iati;' means 
that for every L^e^-sentence ip, either (p or its negation, -k/?, is satisfied by almost all 
M G C^. (And similarly for in place of C^.) 

Theorem 10.3. For every I C [p] the following hold: 

(i) There is an L-formula ^{x,y) such that for almost all M E the following holds: 
for every l-colouring 7 : M — >■ [Z] of M. and all a,b E M, 7(a) = 7(6) if and only if 

(ii) Almost all € are uniquely l-colourable. 
(Hi) has a zero-one law. 

Theorem 10.4. Suppose that every relation symbol has arity < I. For every I C. [p], all 
three parts (i), (ii) and (Hi) of Theorem 10.3 hold if is replaced by and 'strong' is 
added before 'I -colouring/colourable'. 

Recall from Remark 9.3 that if / C {!,..., p} and C„ = and S„ = S^^, then 
Theorem 9.16 and Proposition 9.20 hold. Hence, Theorems 10.3 and 10.4 are immediate 
consequences of Theorem 10.5 below and Theorem 9.16 and Proposition 9.20. 

Theorem 10.5. (i) For every I C [p] there are constants p, A > such that, for all 
sufficiently large n, the proportion of M. ^ which have an l-colouring that is not 

pn-rich is at most 2^'**"™, where m is the maximum arity of the relation symbols (so 
m>2). Consequently, the proportion of M. E which have only pn-rich l-colourings 
approaches 1 as n 00. 

(ii) If at least one relation symbol has arity < I, then part (i) also holds i/C^ is replaced 
by S^, 'l-colouring' by 'strong l-colouring', and m is the largest arity < I (so m > 2). 

Remark 10.6. (i) In both parts of Theorem 10.5, the proof shows how to compute p 
from the number of colours, I, and the arities ri, . . . ,rp of the relation symbols of the 
language Lrei- 

(ii) Theorem 10.5 gives a bit more than what has been said above; namely that the 
assumption in part (i) of Theorem 9.16 is true, which can be seen as follows. Let K„ 
and SK„ be defined as in the previous section. By Theorem 10.5 (i), there are constants 
p, A > such that if is the set of G K„ which are pn-richly /-coloured, then, for 
all sufficiently large n, 

\{M\Lrei:MeKn-Yf}\ / |C„| < 2"^"'. 

Since for each M G K„, A4\Lrei can be /-coloured, or equivalently, expanded to an 
L-structure (using the notation of the previous section), in at most I"' = 2^" (for some 
P > 0) ways, we get |K„ - Y^|/|K„| < 2^^"-^"^ as n ^ 00. Therefore the 
assumption in part (i) of Theorem 9.16 holds, and it follows that, for every A; G N, the 
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proportion of G K„ which satisfy all /c-extension axioms of K approaches 1 as n — > oo. 
The same argument can be carried out for SK„, S„ and strong Z-colourings. 

Example 10.7. Here follows applications of Theorems 10.3 and 10.4. 

(i) Let T be the Fano plane as a 3-hypergraph, that is, J- has seven vertices and 
seven 3-hyperedges (3-subsets of the vertex set) such that every pair of distinct vertices 
is contained in a unique 3-hyperedge. If K„ is the set of all 3-hypergraphs with vertices 
1, . . . ,n in which T is not embeddable, and K = IJ^^j^K^, then almost all members 
of K are 2-colourable [30]. Since T cannot be weakly embedded into any 2-colourable 
3-hypergraph, it follows from Theorem 10.3 that K has a zero-one law for the uniform 
probability measure. 

(ii) Let Q be the 3-liypergraph with vertices 1,2,3,4,5 and 3-hyperedges {1,2,3}, 
{1,2,4}, {3,4,5}, and let K„ be the set of 3-hypergraphs with vertices 1,2, ...,n in 
which Q is not weakly embeddable. Then almost all members of K = IJ^gj^ K„ are 
strongly 3-colourable [6]. (Tripartite in [6] means the same as strongly 3-colourable 
here.) Since Q cannot be weakly embedded into any strongly 3-colourable 3-hypergraph 
it follows from Theorem 10.4 that K has a zero-one law for the uniform probability 
measure. 

In Section 10.1 we derive an upper bound on the number of multichromatic m-tuples 
if the Z-colouring 7 : [n] — >■ [Z] is not ^-rich and a is sufficiently large. Then we show 
that the number of multichromatic m-sets are fairly tightly controlled by the number of 
multichromatic m-tuples. These results are used in Section 10.2 where we prove part 
(i) of Theorem 10.5. In Section 10.3 we consider strongly multichromatic m-tuples and 
m-sets and derive similar results as in Section 10.1 which are used in Section 10.4 where 
part (ii) of Theorem 10.5 is proved. 

10.1. Counting multichromatic tuples and sets. 

Notation 10.8. (i) Let n,m, Z G N and suppose that n>l>2 and m > 2. 
(h) Let 7 : [n] [/]. 

(iii) Let mult(n, 7, m) denote the number of ordered m-tuples (ai, . . . , am) G [n]"^ which 
are multichromatic with respect to 7. 

(iv) For every i G [/], let p{n, 7, i) = |7^^(i)| , so p{n, 7, i) is the number of elements in [n] 
which are assigned the colour i by 7. 

The number of (ai, . . . ,am) G [n]'^ which are monochromatic with respect to 7 is 
^'^]^p"*(n, 7, z), from which it follows that 

I 

(1) mult(n, 7, m) = n"^ — 'y^p"^{n, 7, i). 

i=l 

Remark 10.9. Let k e N and a G M+. The function fk,m{xi, ■ ■ ■ ,Xk) = I]i=i 
constrained by Xi + . . . + Xk = a and Xi > 0, for i = 1,. . . ,k, attains its minimal 
value in the point {a/k, . . . , a/k), and hence this value is a"^ / k"^~^ . This fact is easily 
proved by using the method of Lagrange multipliers [20]. Alternatively, one can use 
a variant of Holder's inequality: In the result with number 16 in [21] (p. 26), take 
r = 1, s = m and a = {xi, . . . ,Xk) and the claim ^^OJlr{a) < dJls{a) unless ..." becomes 

{xi -|- . . . -|- Xk)/ k < {■^fk,m{xi , • . • , Xk)) ^^"^ unless all Xj are equal. Since we assume that 
Xi + . . . + Xk = a, the claim follows by taking the mth power on both sides. 

Lemma 10.10. Let a > 0. 7/7 : [n] — >■ [I] is not ^-rich, then 
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Proof. Let a > 0. Suppose that 7 : [n] — > [I] is not ^-rich, which means that, for some 
i G [/], p{n,j,i) < ^. For simphcity of notation (and without loss of generality) assume 
that i = I. Then 

/r>\ / 7\ n a — 1 

(2) n — p(n,7, 1) > n 



n 
a 



-n. 



Now we have 

mult(n, 7, m) 



l-i 



n 



< n"" - 



< 



i=l 

[n -p(n,7,/)]"' 



0-1 



\m—l 



- P"^(n,7,0 

by Remark 10.9 with a = n — p{n, 7, /) and k = I — 1 



a 



1 



a 

a-1 
a 



n" 



1 



{I -I) 



m—l 



J - p^(,n,j,l) by (2) 
□ 



n 



Notation 10.11. (i) As usual, by a k-set we mean a set of cardinality k. 

(ii) For every integer k>2, every n G N and every 7 : [n] ^ [I], let mult(n,7, A;) be the 
number of /c-subsets {oi, . . . ,ak} ^ [n] such that there are i,j G [A;] with 7(01) 7^ 7(oj). 
We call such a k-set {ai, . . . , Uk} multichromatic. 

(iii) For integers 1 < i < /c, let perm(i, k) be the number of (ordered) A-tuples (ai, . . . , ak) 
of elements of an z-set A such that every a & A occurs at least once in (oi, . . . , afe). 

Lemma 10.12. Let mmax > 2 6e an integer and suppose that cr„ : [n] — )• [Z] anc? 7„ : 
[n] — )• [I], /or n G N. Moreover, assume that for all 2 < m < mmax there are constants 
Crmdm > such that for all sufficiently large n, 

Cmn^ < mult (n, (7„, m) — mult (n, 7„, m) < dmn^- 

Then, for all2 < m < mmax; there are constants c'^, d'^ > such that for all sufficiently 
large n, 

c'^n^ < mult (n, (Tn, m) — mult (n, 7n, m,) < d'^n"^. 

Proof. Suppose that for all for all 2 < m < mmax there are Cm,dm > such that for all 
sufficiently large n, 



(3) 



CmU^ < mult (n, o"n, m.) — mult (n, 7„, m) < dmn^ ■ 



Note that if an m-tuple (ai, . . . , am) G [n]™ is multichromatic with respect to 7 : [n] — > [I], 
then |{ai, . . . ,a^}| = i for some 2 < z < m. Therefore (with the notation introduced 
before the lemma), for every m and every 7 : [n] — )■ [Z] we have 



(4) 



mult(n, 7, m) = mult(n, 7, i) • perm(i, 



m 



i=2 



We use induction on m = 2, . . . , mmax- If m = 2 then (3) and (4) give 
C2 ^ ^ d2 



< mult(n, (T„, 2) — mult(n, 7„, 2) < 



perm(2, 2) perm(2, 2) 

so we can take = C2/perm(2, 2) and d'2 = (i2/perm(2, 2). 
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As induction hypothesis, suppose that for m = 2, . . . , < mmax there are c^, d'^ > 
such that for all sufficiently large n, 

(5) c^^'^'" ^ mult(n, cTn, m) — mult(n, 7n, m) < d'^n^. 

By assumption, for all sufficiently large n we have 

Ck+in'^'^^ < mult(n, an, k + 1) — mult(n, 7^, fc + 1) < dk+in'^'^^, 
and by (4) with m = + 1 it follows that for all sufficiently large n, 
k 

CkJ^i'n^'^^ < perm(i, A; + 1) mult(n, cr„, z) — mult(n, 7„, i) 



i=2 



+ perm(fc + 1, A; + 1) mult(n, (7„, k + 1) — mult(n, 7„, A; + 1) 



By the induction hypothesis, (5) holds for m = 2, . . . ,k and all sufficiently large n. 
Hence, for all sufficiently large n, 

perm(A; + 1, A; + 1) mult(n, cr„, A; + 1) - mult(n, 7„, A; + 1) + 0(n*) < d^+in'^'^^ 

so there must be c'^^^, > such that for all sufficiently large n, 

4+1^'''*"^ < mult(n, an, A; + 1) - mult(n, 7„, A; + 1) < ^ 

10.2. Proof of the first part of Theorem 10.5. We continue to use the terminology 
and notation introduced in Notation 10.8 and 10.11. Recall that all arities ri,, 



of the relation symbols Ri, . . . ,Rp are at least 2. Let mmax = max(ri, . . . , Vp). For all 
Z, m > 2 we have 



> 



Let a > Z be large enough so that, whenever 2 < m < rrin 



a-l 



1 



n n 

y - 1 < p{n,an,i) < y + 1. 



, , Uj -L -L i 

^ ' [^\ {I - I)*"-! ^ 1^' 

For every n G N such that n > Z, fix o"„ : [n] — > [l\ such that, for every i € [/], 

(7) 

Then, for all sufficiently large n, (T„ is ^-rich (because we chose a > I). Observe that if 
7 : [n] ^ [I], then the number of € for which 7 is an /-colouring is 

Therefore, 



(8) 



A lower bound of mult(n, (7„, m) is obtained as follows: 



mult(n, an, m) 



n 



I / \ m 

- Y.p^{n,an,i) > - /(y + 1 by (7) 

I'm—I \ I ' 



SO 

(9) 



mult(n,a„,m) > [x-^-^n^^ ± ©(n'""^). 
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For every n G N, choose 7„ : [n] [I] such that 



(10) 

for every 7 : [n 
(11) 



n 



7„ is noi — rich, and 
a 

[I] which is not —rich, 

^ mult(n,7,rjfc) + ^ mult(n, 7, r^) 

ke[p]-i kei 

< ^ mult(n,7n,rfe) + ^ mult(n, 7^, rfe). 

ke[p]-i kei 

Let X„ C be the set of all A4 G which have an /-colouring which is not ^-rich. 
It suffices to prove that |X„|/|C^| — ^Oasn— ^oo. li M. € X„ then there is an l- 
colouring 7 : [n] — >■ [I] of M which is not —rich, and the number of A/" G for which 
7 is an /-colouring is at most 2^'=6[p]-/in'iit(".7,'^fc) + Efce/muit(n,7,rfc) gj^^^ ^-^^ number of 
functions 7 : [n] — >■ [I] is = 2^", for some ^ > 0, it follows from (10) and (11) that 



(12) 



Prom (10) and Lemma 10.10 it follows that 



(13) 



mult(n,7„,m) < 



1 - 



a - 1 



{I - I)'"-! 



Note that for all n,m and 7 : [n] — > [I] we have mult(n,7,m) < mult(n, 7, m) < 
Therefore, (9) and (13) imply that 

ri^ > mult(n, (Jn, m) — mult(n, 7„, m) 



> 



1 - 



1 



im-l 

a-l 



1 



a - 1 



n 



im-l 



[l - 1)"»-1 

± 0(n™-i). 



± 0(n™-^) 



(Z - 1)"^-! 

Together with (6) this implies that there is c > such that whenever 2 < m < mmax 
and n is sufficiently large 

(14) cn™ < mult (n, iT„, m) — mult(n,7„,m) < n"^. 

Lemma 10.12 now implies that for all 2 < m < mmax there are > such that for all 

sufficiently large n, 

(15) c^^™ ^ mult(n, a„,m) — mult(n, 7^, m). 
By (8) and (12) we have 

(16) |X,|/K|< 

<; 2^" + T,kelp]-i [mult(n,7n,rfc) - m.u\t{n,a„,rk)] + Ylkei [mult(n,7„,rfc) - mult(n,<T„,rfc)] 

Prom (14) and (15) it follows that for all sufficiently large n, 

(17) A; G [p] — / =^ mult(n, 7n, Tfe) — mult(n, (Tn, rfe) < —crf^, and 

(18) A; G / =^ mult(n,7„,rjfc) - mult(n,(7n,'''fe) < -cj.^n^*', 

where c, c^^ > for all /c G [p]. Since > 2 for all k G [p] it follows from (16)-(18) that, 
for m = mmax and some A > 0, we have (for all large enough n) 



Xi7 



< 2 



-An" 



as n — >■ 00. 
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In other words, the proportion oi A4 € which only have ^-rich i-colourings approaches 
1 as 77. ^ cxd; in part (i) of Theorem 10.5 we can take M = 

10.3. Counting strongly multichromatic tuples and sets. 

Notation 10.13. (i) Let n, m, Z G N and suppose that n > I > m > 2. 

(ii) Let 7 : [n] ^ [/]. 

(iii) Let smult(n, 7, m) denote the number of ordered m-tuples (ai, . . . , am) & [n]'^ which 
are strongly multichromatic with respect to 7. 

(iv) Let smult(n, 7, m) be the number of m-subsets {ai, . . . , a^} C [n] such that 7(0^) 7^ 
7(0^) whenever i ^ j. 

(v) For every i G [/], let p{n, 7, i) = \ so p{n, 7, i) is the number of elements in [n] 
which are assigned the colour i by 7. 

Observe that 



(19) smult(n,7, m) = m! smult(n,7,m) 
and 

(20) smult(n,7,m) = ^ p(n, 7, n) . . .p(n, 7, ?„). 

l<ii<...<im<l 

For k > m, let 

9k,mipli • • • 1 ■^k) ^ ^ • • • ■^im' 

\<i\<...<im<k 

The next lemma is a special case of an inequality found in [21] (p. 52), see Remark 10.15 
below, but here we give a proof based on the better known method of Lagrange multipliers 
[20]. 

Lemma 10.14. Let a > 0. Subject to the constraints xi + . . . + = ol and Xi > for 
all i G Qk^jn attains its maximum in [ajk^ . . . ,a/k), and hence the maximum is 



9k,m{ot/k,...,a/k) = ( ^ ) 



a 



k 



Proof. Suppose that, under the given constraints, Qk^m attains its maximum in (ai, . . . , a^). 
Then at least one Oj is non-zero, hence positive. We show that for every j, aj = aj. By 
the constraint ai + . . . + = a it follows that aj = a/k for all j G [k]. For simplicity 
of notation, and without loss of generality, assume that i = 1, so oi > 0. Since the 
following argument works out in the same way for all j = 2, . . . , k, let's assume that 
j = 2 (simplifying notation again). 

Let h{xi,X2) = gk^m{x\,X2,a^, . . . ,ak). Since we assume that gj-^m attains its max- 
imum, under the given constraints, in (ai,...,afc), it follows that h{xi,X2) attains its 
maximum, under the constraints X1+X2 = a — a^ — . . .—a^ (where a — 03 — ... — > 
since ai > 0) and xi,X2 > 0, in (01,02). Observe that 

h{xi,X2) = ^ xiX2ai^...ai^_2 + ^ a;iOn • • • Oj^.i 

3<n<...<im-2<fc 3<ji<...<im-i<A: 

+ ^ X2ai^ . . . ai^_^ + ^ Oil . . . ai^ 

3<ii<...<im-i<k 3<ii<...<im<k 

= ^ xiX2ai^ . . . ai^_^ + ^ {xi + X2)ai^ . . . ai^_^ 

3<ii<...<im-2<k 3<ii<...<im-i<k 

+ E 

3<ii<...<im<k 
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Subject to the constraint xi + X2 = a — — . . . — a^, the part 



3<ii<...<im-i<fe 3<ii<...<im<fe 



is constant, and hence h{xi,X2) attains its maximum in the same point as h*{xi,X2) = 
CX1X2, where c > is a constant. The reason that we can assume that c > is that if 
m > 2, then there are at least m — 2 non-zero a^'s with i > 2; because otherwise g^^m 
would be zero in (ai, . . . , Ofc) and then this point could not be a maximum, contrary to 
assumption. Thus it suffices to show that, for any /3 > 0, if h*{xi,X2) = 0x1X2 attains 
its maximum in (61, 62) under the constraints X1+X2 = /3, xi, X2 > 0, then 61 = 62. This 
is easily proved by (for example) using Lagrange multipliers [20]. 

Given that ai = . . . = a^, the constraints on gk^m imply that Oj = a/A; for all i, and 
insertion of {xi, . . . , Xk) = (oi, . . . , Ofc) in the expression of gk^m shows that its maximum, 
subject to the constraints, is (j^) (a/fc)™. □ 



Remark 10.15. Lemma 10.14 is a special case of the result with number 52 in [21] (p. 
52), which is attributed to Maclaurin [28]. In the notation of that result, but with the 
letter n replaced by k, we have "pi > {p2)^^'^ > . . . > {pk)^^^ unless so in particular 
"pi > {pmY^"^ unless which, with the notation here and because xi + . . . + xj^ = a, 

becomes a/k > {gk,m{^i^ • ■ • > ^k)/ {m) Y^"^ unless all Xi are equal. By raising both sides 
to the mth power we get the statement of the lemma. 



Lemma 10.16. Let a > 0. 7/7 : [n] ^ [I] is not ^-rich, then 



smult(n, 7, m) < 



1 f l-l 

+ 



m J a{l - l)"^-i \m - 1 



where the left term within the large parentheses vanishes ifm = l. 



Proof. Suppose that a > and that 7 : [n] — )• [I] is not ^-rich. Then, for some i G [Z], 
we have p{n,j,i) < ^. For simplicity of notation, and without loss of generality, assume 
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that i = I. Then: 



smult(n,7,m) = ^ p(n, 7, n) • . . . • p(n, 7, z^) by (20) 
i<n<...<im<( 

l<h<...<im<l-i 
+ XI Pin,j,ii) . . .p{n,j,im-i)p{n,j,l) 

l<ii<...<im,_i<i— 1 

where the first sum vanishes if m = Z 

l<ji<...<im<i-l 



+ 



X P{n,l,h) ■■■p{n, 

l<ii<...<«TO-i<'— 1 



by assumption 



^- 1\ [ n-p{n,^,l) \ nf n-p{n,j,l) \ 

m Jy l-l J a\m-ljy l-l J 

by Lemma 10.14, twice, with k = l — 1, a = n — p{n, 7, 1), and 
with m in the first apphcation and m — 1 in the second apphcation 



< 



m J (l-l) 
1 fl-l 



+ 



[l-l) 



m 



+ 



/ - 1 \ 

m- 1) a{l- l)™-i 
1 /l-l 



a{l - l)™-i \m-l 



□ 



10.4. Proof of the second part of Theorem 10.5. Let mmax = max(ri , . . . , r^) , 
where ri , . . . , rp > 2 are the arities of the relation symbols i?i , . . . , i?p of the vocabulary 
of L^ei- Suppose that at least one relation symbol has arity < I. We use the notation 
from the previous section (Notation 10.13). Since for every m > I and every 7 : [ra] — >■ [Z], 
no {ai, . . . ,am) S [n]"^ is strongly multichromatic with respect to 7, we may, without 
loss of generality, assume tllRt TTImax 

< I. 

Let X„ C be the set of all G which have a strong Z-colouring which is not 
^-rich, where a > Z is a number that will be specified after we have made some estimates. 
In order to prove part (ii) of Theorem 10.5 it is enough to prove that we can choose a 
so that 



(21) 



lim 



0. 



n n 

y - 1 < p{n,an,i) < y + 1. 



""-^00 |S^| 

For every n > Z, fix (T„ : [n] — )■ [Z] such that, for every i E [I], 
(22) 

Then every (t„ is ^-rich (because a > Z). For all sufficiently large n, 
For every ra G N, choose 7n : [n] — )• [I] such that 



(24) 
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7„ is not — rich, and 
a 
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for every 7 : [ra] — )• [/] which is not ^-rich, 

(25) ^ smult(n,7,rfe) + ^ smult(n, 7, rfe) 

k£[p]-I k&I 

< ^ smult(ra,7„,rfc) + ^ smult(n, 7„, r^). 
ke\p\-i kei 

Since, for some /3 > 0, there are at most = 2^" Z-colourings 7 : [n] 



[I], and every 



M. G X„ has an Z-colouring which is not ^-rich, it follows from (24) and (25) that 

(26) 



Prom (19), (23) and (26) it follows that in order to prove (21) it suffices to show that, 
for every 2 < m < mmax there is a constant Am > such that for all sufficiently large n, 

(27) smult(n, o"„, m) — smult(n, 7„, m) > XmU^- 

We have 

) by (20) 

l<il<...<im<' 



(28) 



smult (n, cr„, m) 



> 



m 



7-' 



by the definition of cr„ 



^ C»(n— 1). 



By Lemma 10.16, 

(29) smult(n, 7„, m) < 



{I - ly 



I - 1 



m 



+ 



l-l 



a{l - l)"»-i V"^ - 1 



n 



where the left term within the parentheses vanishes if m = Z. Prom (28) and (29) we get 



smult(n, cr„, m) — smult(n, 7„, m) 



> 



{I - ly 



I - 1 

m 



a{l - l)"^-i \m - 1 



I 



n 



± 0(n"*-^). 



Observe that the rightmost term within the large parentheses can be made arbitrarily 
small by choosing a large enough. Thus, to prove (27) it suffices to show that 



(30) 



1 fl 



I' 



m 



1 



{I - ly 



I - 1 



m 



> 0. 



But (30) holds because whenever 2 < m < / we have 

rm-l/i -, m-1 



ml 

m— 1 



J_'yrl_-i 

ml J-J- I 

i=0 



1 
ml 



i=0 



> 



1 



m— 1 



ml 



n 1 



i=0 
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I - 1 



{I - ly 
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